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Abstract
We briefly review why the non-linear realisation of the semi-direct product of a group
with one of its representations leads to a field theory defined on a generalised space-
time equipped with a generalised vielbein. We give formulae, which only involve matrix
multiplication, for the generalised vielbein, the Cartan forms and their transformations.
We consider the generalised space-time introduced in 2003 in the context of the non-
linear realisation of the semi-direct product of E11 and its first fundamental representation.
For this latter theory we give explicit expressions for the generalised vielbein up to and
including the levels associated with the dual graviton in four, five and eleven dimensions
and for the IIB theory in ten dimensions. We also compute the generalised vielbein, up
to the analogous level, for the non-linear realisation of the semi-direct product of very
extended SL(2) with its first fundamental representation, which is a theory associated
with gravity in four dimensions.
1
1. Introduction
We begin by giving a very brief review of the general theory of non-linear realisations.
While some aspects of this are very well known, the non-linear realisations that involve a
group whose generators are associated with space-time are less well known. In particular we
will make it clear why the non-linear realisations which lead to space-times automatically
encode a generalised vielbein.
A non-linear realisation of a group G with local subgroup H is constructed from a
group element g ∈ G which is subject to the transformations
g → g0g, for g0 ∈ G and also g → gh, for h ∈ H (1.1)
where g0 is a rigid transformation and h a local transformation. The meaning of rigid and
local will be discussed below. The non-linear realisation is an action, or set of equations
of motion, that are invariant under the transformations of equation (1.1). The dynam-
ics is usually constructed from the Cartan forms V which are inert under the rigid g0
transformations but transform under the h transformations as
V → V ′ = h−1Vh+ h−1dh (1.2)
Before explaining the particular type of non-linear realisation that will be discussed in
this paper it will be instructive to briefly discuss the three types of non-linear realisation.
1.1 Type 1
Non-linear realisations were first introduced to understand the scattering of pions and
it was through this work that it became understood that symmetry was to play a crucial
role in particle physics [1]. The theoretical underpinning of this method was set out in the
classic papers of reference [2]. This work involved a group G which contained generators
that were internal, that is, not associated with space-time. Space-time was introduced
in an adhoc manner by taking the group element g, and so the parameters it contains,
to depend on the chosen space-time, which in the application at that time, was just four
dimensional Minkowski space-time. As a result, the parameters of the group element g
became the fields of the theory defined on the chosen space-time. The rigid transformation
g0 is a constant group element, while the local transformation h is taken to depend on the
chosen space-time and so can be used to gauge away parts of g. The Cartan forms can be
written as
V = g−1dg = PIT
I +QiH
i (1.3)
where Hi are the generators of H and T I the remaining generators of G. When the group
is such that the commutators between generators of H with T I lead again to the generators
T I (the reductive case), the forms P ≡ PIT
I transform homogeneously and can be used to
construct an invariant action which is just the space-time integral of TrP 2 . The dynamics
of the pions were found to be very well described, in the limit of small pion mass, by the
non-linear realisation of SU(2)⊗ SU(2) with respect to its diagonal subgroup SU(2).
1.2 Type 2
2
A non-linear realisation at the other extreme is one where all the generators of the
group G are associated with ”space-time”. In this case we have a simple coset space, often
written as G
H
, which has been studied for a very long time, at least in the mathematics
literature. In this case the H transformations enforce the usual equivalence relation that
ensures that the group elements of G are regarded as equivalent if they belong to the same
coset. Modulo this relation the parameters in the group element label the points in the
coset, which for the application that physicists have in mind are the points in space-time.
Thus in this case we have no fields.
For these non-linear realisations the Cartan forms can be written as
V = g−1dg = dxΠEΠ
AlA + dx
ΠωΠiH
i (1.4)
where Hi are the generators of H and lA the remaining generators of G. The objects
EΠ
A define a preferred basis of one forms dxΠEΠ
A at every point of the coset which are
just those swept out out, using the natural action of the group on the coset, from a basis
of one forms at the origin of the coset. As a result we can interpret the objects EΠ
A as
vielbeins on the coset space. The objects ωΠi can be thought of as the spin-connection on
the coset. One can easily verify, using equation (1.1) that both of these objects transform
as vielbeins and spin connections should on their A and i indices respectively under the
local H transformations.
The classic example of such a non-linear realisation is to take G to be the Poincare
group, which can be written as the semi-direct product of the Lorentz group, SO(1, D−1),
with a set of generators in its vector representation, denoted lSO(1,D−1), with the local
subgroup H being the Lorentz group. We denote this semi-direct product by SO(1, D −
1)⊗s l
SO(1,D−1). Another example is superspace which is the non-linear realisation of the
super Poincare group with the local subgroup being the Lorentz group [3].
1.1 Type 3
The final type of non-linear realisation is built from a groupG that has some generators
that are associated with space-time and some that are not. For simplicity, and as it is the
case we wish to consider in this paper, we will take the group to be of a semi-direct product
structure, that is, of the form G = G1 ⊗s l1 where G1 is a Lie group and l1 is one of its
representations. We denote the generators of G1 by R
α and those of the l1 representation
by lA. The Lie algebra for this group can be written in the form
[Rα, Rβ] = fαβδR
δ (1.5)
and
[Rα, lA] = −(D
α)A
BlB (1.6)
The Jacobi identity, implies that the generators lA belong to representation of G1 and so
the matrices in the above equation obey the matrix identity
[Dα, Dβ] = fαβδD
δ (1.7)
The commutators of the lA generators must be consistent with the Jacobi identities and
we will take them, for simplicity, to commute.
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The group element g ∈ G is constructed form the generators lA and R
α and can be
written in the form
g = glgA ≡ e
xAlAeAα(x)R
α
(1.8)
The parameters of the lA generators can be interpreted as the coordinates of a generalised
space-time while the parameters of the Rα generators are taken to depend on the coordi-
nates of space-time and are fields defined on the generalised space-time. Rigid in this case
means that the group element g0 does not depend on the generalised space-time and so its
parameters are constants. The local subalgebra H of G used in the non-linear realisation is
a subalgebra of G1 and local H transformations have a group element h which does depend
on space-time. This transformation can be used to gauge away some of the fields in g.
However, once this has been done we have to carry out compensating H transformation to
preserve the form of the group element g under a rigid g0 transformation. This last type
of non-linear realisation is a hybrid of the first two types; if we take no l1 generators then
it is of type one while if we take no generators of the type Rα then it is of type two.
The Cartan forms belong to the Lie algebra of G and so can be written as
V = Vl + VA (1.9)
were Vl contains the generators of l1 and VA the generators of G1 and as such we can write
them in the form
Vl ≡ dx
ΠEΠ
AlA = g
−1
A dx
ΠlΠgA, and VA ≡ dx
ΠGΠ,αR
α = g−1A dgA (1.10)
We can interpret the objects EΠ
A as the vielbein on the generalised space-time.
One of the early examples of this type of non-linear realisation was to take G =
GL(D) ⊗s l
GL(D) where lGL(D) is the vector representation of SL(D), or equivalently its
first fundamental representation [4,5]. This non-linear realisation gives, with a judicious
choice of a few undetermined constants, Einstein’s theory of gravity [4,5]. A more recent
example, and the one of interest to us here, is to take G to be the semi-direct product of E11
and its first fundamental representation l1, denoted E11 ⊗s l1 [6]. This is a special case of
non-linear realisations constructed from the groupsG = G+++⊗sl1 whereG
+++ is the very
extension of any finite dimensional semi-simple Lie algebra and l1 is the first fundamental
representation of G+++. We note that E11 = E
+++
8 . The non-linear realisations A
+++
D−3 ⊗s
l1 [6] and D
+++
D−2 ⊗s l1 [8] are conjectured to be the low energy effective actions for gravity
and the closed bosonic string in D dimensions respectively. A more detailed review of
non-linear realisation can be found in [9].
In this paper we will consider non linear realisation of the last type that is the non-
linear realisation of G = G1 ⊗s l1. In section two we derive expressions for the generalised
vielbein, Cartan forms and their transformations that require no more than matrix multi-
plication. In section three we consider the non-linear realisation E11⊗s l1 and compute the
generalised vielbeins in eleven, five and four dimensions and the IIB theory in ten dimen-
sions up to levels three, four, two and five respectively. In section four we give the initial
steps in the construction of the non-linear realisation of the A+++1 ⊗s l1 and compute the
generalised vielbein up to level two. This later theory is conjectured to be the complete
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low energy effective action for four dimensional gravity. In appendix A we recall, up to
the level associated with the dual graviton, the E11 ⊗s l1 algebra in the decompositions
appropriate to eleven and four dimensions and for five dimensions and the IIB theory in
ten dimensions we give these algebras for the first time.
2 Formulae for the generalised vielbein and Cartan forms
In this section we consider the non-linear realisation of the semi-direct product of a
group G1 with one of its representations l1 which we denote by G1 ⊗s l1 and so we are
discussing the case of type three of the section one. In this section the l1 representation
can be any representation and not just the first fundamental representation. We will take
the generators of the l1 representation to commute. It is straightforward to modify the
discussion to the case when the generators of the l1 representation do not commute, but
form a group.
The generators of the group G1 in the non-linear realisation are usually taken to be
abstract objects, but if we take them to be in the l1 representation then it is straightforward
to derive expressions, that involve no more than matrix multiplication, for the generalised
vielbein, their transformations, and the Cartan forms. These are well known for the non-
linear realisation of GL(D) ⊗s l
GL(D) [4] and were recently given [10] for the generalised
vielbein for E11 ⊗s l1.
The generalised vielbein is defined in equation (1.10) and it is straightforward to
evaluate using equation (1.6) to find that it is given by
EΠ
A = (eA)Π
A (2.1)
where (A)Π
A ≡ Aα(D
α)Π
A and the expression on the right-hand side is evaluated by
expanding the exponential and using matrix multiplication. Taking the generators of the
G1 algebra to be in the l1 representations in the expression for the Cartan forms of equation
(1.10) we find that
−[VA, lA] = dx
ΠGΠ,α(D
α)A
BlB = −[g
−1
A dgA, lA]
= −g−1A d(gAlAg
−1
A )gA = (E
−1)A
∆dE∆
BlB (2.2)
and so
GΠ,A
B ≡ GΠ,α(D
α)A
B = (E−1)A
∆∂ΠE∆
B (2.3)
Using the expression for the vielbein of equation (2.1) we find that
GΠ,A
B = (
(1− e−A)
A
∧ ∂ΠA)A
B = (∂ΠA−
1
2
[A, ∂ΠA] +
1
3!
[A, [A, ∂ΠA]] + . . .)A
B (2.4)
where we have used the identity
e−DdeD =
(1− e−D)
D
∧ dD (2.5)
valid for any operator, or matrix, D and where Dn ∧ dD ≡ [D, [D, [D, . . . [D, dD]]] . . .].
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The action of the rigid transformation g0 ∈ G
+++, which can be written in the form
g0 = e
aβR
β
, can also be given in explicit form. As the generators lA form a representation
of G+++ under this transformation, equation (1.1) implies that
gl → g
′
l = g0glg
−1
0 , and gA → g
′
A → g0gA (2.6)
Using equation (1.6) the first equation is found to imply the coordinate change
x∆ → x∆′ = xΠ(e−a·D)Π
∆ (2.7)
where (a·D)Π
∆ = aβ(D
β)Π
∆. While the change in the vielbein can be found by considering
(g−1A )
′lΠg
′
A = (g
−1
A )g
−1
0 lΠg0gA = (e
a·D)Π
∆(g−1A )l∆gA = (e
a·D)Π
∆E∆
C lC (2.8)
and as a result
EΠ
A → EΠ
A′ = (ea·D)Π
∆E∆
A, or equivalently in matrix notation eA
′
= ea·DeA
(2.9)
We note that dxΠEΠ
A is inert under rigid g0 transformations as it should be.
It is often useful not to parameterise the group element gA by a single exponential but
by a product of exponentials. In this case one just replaces the above matrix expressions by
the corresponding products, for example, if let set gA = e
A1·R . . . eAn·R then the vielbein
takes the form.
EΠ
A = (eA1 . . . eAn)Π
A (2.10)
where A1 = A1 · (D)Π
A and there are analogous expressions for the above formulae.
To proceed further we will need the Cartan Involution Ic which can be taken to
act on the generators of E11 as Ic(R
α) = −R−α. In fact we have in previous papers
taken a plus sign for some of the involutions, but this can be undone by redefining the
negative generators. The Cartan involution acts on the l1 representation to give another
representation denoted by l¯A as Ic(lA) = −J
−1
AB l¯
B for a suitable matrix JAB. Acting on
the commutator of equation (1.6) with the Cartan involution we find that
[Rα, l¯A] = l¯B(D¯α)B
A (2.11)
where
(D¯α)B
A = (JD−αJ−1)AB , or in matrix form D¯
α = (JD−αJ−1)T (2.12)
For the case of E11 ⊗s l1, the l1 representation is a lowest weight representation with
lowest weight state P1 while l¯1 is a highest weight representation with highest weight
state P¯ 1 where Pa, a = 1, . . . , D are the usual space-time translation generators and
P¯ a, a = 1, . . . , D.
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We take the local subalgebra in the G1 ⊗ l1 non-linear realisation to be the Cartan
involution subgroup of G1 which consists of group elements which obey Ic(h) = h. Fol-
lowing similar arguments one finds that the local h = ebα(R
α−R−α) transformation of the
generalised vielbein is given by
EΠ
A → EΠ
A′ = eA
′
= (eAe
bβ(D
β
−D
−β
)
)Π
A = EΠ
B(e
bβ(D
β
−D
−β
)
)B
A (2.11)
It is sometimes useful to construct the dynamics not from the Cartan forms, but from
the object M = gAIc(g
−1
A ) which transforms as M → M
′ = g0MIc(g
−1
0 ). We note that
Ic(M
−1) = M and so M can be written in the form M = eφα(R
α+R−α) which confirms
that M is a group element that belongs to the coset. The matrix representation of M is
given by
MA
BlB ≡M
−1lAM = (e
φα(D
α+D−α))A
BlB = Ic(g)g
−1lAgIc(g
−1)
= (eA)A
BIc(g)lAIc(g
−1) = (eA)A
BJ−1BCIc(g l¯
Cg−1) = (eAeA˜)A
BlB (2.13)
where the matrix A˜ = AαD
−α. The transformation of M can be written, in matrix form,
as M →M ′ = eaαD
α
MeaαD
−α
3 Explicit computation of the E11 generalised vielbein at low levels
In this section we will consider the non-linear realisation of E11 ⊗s l1 with the local
subgroup being the Cartan involution invariant subalgebra of E11; the analogue of the
maximal compact subalgebra. This non-linear realisation has been conjectured to be the
low energy effective action describing strings and branes [6,11]. The representations of
E11 can be studied by decomposing them into representations of a finite-dimensional Lie
algebras, obtained by removing one node from the Dynkin diagram of E11. The Dynkin
diagram of E11 is given by
• 11
|
• − • − . . . − • − • − • − •
1 2 7 8 9 10
The theories with different number of space-time dimensions emerge when computes the
non-linear realisation of the E11 ⊗s l1 algebra when decomposed into the algebras that
follow by removing the different possible nodes [12-14]. In this paper we are interested
in four particular cases: removing node 11 leads to GL (11) algebra that corresponds to
11-dimensional theory, removing node 9 results in 10-dimensional type IIB theory with
GL (10)× SL (2, R) algebra, removing node 5 leads to GL(5)×E6 algebra that describes
5-dimensional theory, and, finally, removing node 4 leads to GL(4) × E7 algebra that
corresponds to the 4-dimensional theory. The fields and coordinates in D dimensions can
be classified by a level that is given by the number of down minus up SL(D) indices except
that one adds one for the coordinates and divides the results by three in eleven dimensions
and two for the ten dimensional IIB theory.
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The l1 representation decomposed in the way suitable to D dimensions leads to a
generalised space-time that contains at level zero the usual coordinates xa and at level one
coordinates that are scalars under the Lorentz group but transform as the 10, 16, 27, 56
and 248 ⊕ 1 of SL(5), SO(5,5), E6. E7 and E8 for D equal to seven, six, five, four and
three dimensions respectively [16,17]. The corresponding generalised vielbeins have been
partially constructed at low levels for these generalised space-times using the E11 ⊗s l1
non-linear realisation. One of the first examples was the construction of the generalised
vielbein for the five dimensional theory up to level two [15] which, in conjunction with
the corresponding generalised space-time, was used to find all maximally supersymmetric
gauged supergravities. In the four dimensional theory reference [18] computed the 56 by
56 vielbein that arises in the space of the level one coordinates [18]. The full generalised
vielbein up to and including level one in the four dimensional theory was given in [19].
The generalised vielbein, but restricted to the space of the level one coordinates, was
also subsequently computed in [20] in dimensions four up to seven inclusive. The eleven
dimensional generalised vielbein was computed up to level two in [21]. A metric that
appeared in the duality invariant first quantised actions studied in reference [26] was used in
reference [25] to discuss theories formulated on a seven dimensional space-time. However,
we note that this generalised space-time is just the part of l1 representation of E11 at
level one in seven dimensions [6,16,17] and the vielbein, or equivalently the metric, is a
truncation of the vielbeins found earlier in the context of E11 papers.
Siegel theory [22], sometimes called doubled field theory, was developed in 1993. This
was motivated by string theory and it consists of a theory with the same massless fields
as appear in the NS-NS sector of the superstring, but defined in a 20-dimensional space-
time that transformed in the vector representation of O(10,10). A generalised vielbein
defined on this space-time, was found in reference [22], it played an important part in the
construction of Siegel theory. The Virasoro operators appeared in construction and they
were to contain a corresponding metric which agreed with that found when reducing string
theory on a torus. This theory was subsequently formulated as the non-linear realisation
of E11⊗s l1 in ten dimensions at level zero [23]. The extension of this theory to include the
R-R sector is just the level one contribution and it was first found in reference [24]. The
generalised vielbein computed from this later viewpoint agrees with that found earlier.
In this section we calculate the generalised vielbein in eleven, five and four dimensions
and also the for the ten dimensional IIB theory at much higher levels using the E11 ⊗s l1
non-linear realisation.
3.1 D = 11
The eleven dimensional theory is obtained by deleting node 11 from the Dynkin dia-
gram of E11.
⊗ 11
|
• − • − • − • − • − • − • − • − • − •
1 2 3 4 5 6 7 8 9 10
and decomposing the E11⊗s l1 into representations of GL (11) [11]. In this section we will
restrict ourselves with level 3 calculations. The non-negative level generators of the E11
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are
Kab; R
a1a2a3 ; Ra1... a6 ; Ra1... a8, b. (3.1.1)
The negative level generators are
Ra1a2a3 ; Ra1... a6 ; Ra1... a8, b. (3.1.2)
The l1 representation contains the generators [6]
Pa; Z
a1a2 ; Za1... a5 ; Za1... a8 , Za1... a7, b. (3.1.3)
The group element g = glgA can be parametrised in the following way:
gl = exp
(
xa Pa + xa1a2 Z
a1a2 + xa1...a5 Z
a1...a5 + xa1...a8 Z
a1...a8 + xa1...a7, b Z
a1...a7, b
)
,
gA = exp
(
h ba K
a
b
)
exp
(
Aa1... a8, bR
a1... a8, b
)
exp (Aa1... a6 R
a1... a6) exp (Aa1a2a3 R
a1a2a3),
(3.1.4)
where we have introduced the generalised coordinates [6]
xa; xa1a2 ; xa1... a5 ; xa1... a8 , xa1... a7, b. (3.1.5)
We have used the local subalgebra to gauge away part of the gA group element and we
have the, by now well known, fields of the E11⊗s l1 non-linear realisation up to level three,
namely, the graviton, the three and six form gauge fields and the dual graviton [11]. The
corresponding generalised tangent space structure is obvious and the tangent space group
is Ic(E11) which at lowest level is just the Lorentz group and at higher levels has an algebra
can be found in reference [6] and also the book of reference [8].
The generalised vielbein is defined in equation (1.10) and, while one can straightfor-
wardly compute it using the commutators of appendix A.1, we will find it using the matrix
expression of equation (2.10), which in eleven dimensions takes the form
EΠ
A = eA0eA3eA2eA1 (3.1.6)
where
A0 ≡ ha
bDa
b, A1 ≡ Aa1a2a3D
a1a2a3 , A2 ≡ Aa1...a6D
a1...a6 , A3 ≡ Aa1...a8,bD
a1...a8,b
(3.1.7)
We begin with the level zero matrix which is given by the expression
dx · (A0) · l = −[ha
bKab, dx
c Pc + dxc1c2 Z
c1c2
+dxc1... c5 Z
c1...c5 + dxc1...c8 Z
c1...c8 + dxc1...c7, c Z
c1...c7, c] (3.1.8)
from which we conclude that
(A0) =


ha
b 0 0 0 0
0 −2δ
[b1
[a1
ha2]
b2] 0 0 0
0 0 − 5 δ
[b1...b4
[a1...a4
ha5]
b5] 0 0
0 0 0 − 8 δ
[b1...b7
[a1...a7
ha8]
b8] 0
0 0 0 0 k c1...c7, da1...a7, b


−
1
2
hc
cI
(3.1.9)
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where k c1...c7, da1...a7, b = −7δ
a
b δ
[b1...b6
[a1...a6
ha7]
b7] − δa1...a7b1...b7 hb
a + 8 δ
[a1...a7
[b1...b7
hb]
a] and I is the identity
matrix.
It then follows that
eA0 = (det e)
− 1
2


eµ
a 0 0 0
0
(
e−1
) µ1µ2
a1a2
0 0 0
0 0
(
e−1
) µ1...µ5
a1...a5
0 0
0 0 0
(
e−1
) µ1...µ8
a1...a8
0
0 0 0 0
(
e−1
) µ1...µ7, ν
a1...a7, b


, (3.1.10)
where eµ
b =
(
eh
)
µ
b and
(
e−1
) µ1...µn
a1...an
=
(
e−1
) µ1
[a1
...
(
e−1
) µn
an]
,
(
e−1
) µ1...µ7, ν
a1...a7, b
=
(
e−1
) µ1
[a1
...
(
e−1
) µ7
a7]
(
e−1
) ν
b
−
(
e−1
) µ1
[a1
...
(
e−1
) µ7
a7
(
e−1
) ν
b]
. (3.1.11)
We now compute A1 in a similar way by considering
dx · (A1) · l = −[Aa1a2a3 R
a1a2a3 , dxc Pc + xc1c2 Z
c1c2
+dxc1... c5 Z
c1...c5 + dxc1...c8 Z
c1...c8 + dxc1...c7, c Z
c1...c7, c] (3.1.12)
from which we conclude, using the commutators of appendix A.1, that
(A1) =


0 −3Aab1b2 0 0 0
0 0 −δ a1a2[b1b2 Ab3b4b5] 0 0
0 0 0 −δ a1...a5[b1...b5Ab6b7b8] k
a1...a5
b1...b5b6b7,b
0 0 0 0 0
0 0 0 0 0

 . (3.1.13)
where ka1...a5b1...b5b6b7,b = −δ
a1...a5
[b1...b5
Ab6b7]b+ δ
a1...a5
[b1...b5
Ab6b7b]. Proceeding in a similar way we find
that
(A2) =


0 0 3Aab1...b5 0 0
0 0 0 δ a1a2[b1b2 Ab3...b8] δ
a1a2
[b1b2
Ab3...b7]b − δ
a1a2
[b1b2
Ab3...b7b]
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , (3.1.14)
and
(A3) =


0 0 0 32 Ab1...b8, a −
4
3 Aa[b1...b7], b +
4
3 Aa[b1...b7, b]
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 (3.1.15)
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To compute the generalised vielbein we just need to evaluate the matrix expression of
equation (3.1.6), being careful to evaluate the unusual index sets, we find that
EΠ
A = (det e)
− 1
2


eµ
a eµ
b αb|a1a2 eµ
bαb|a1...a5 eµ
b αb|a1...a8 eµ
bαb|a1...a7, a
0
(
e−1
) µ1µ2
a1a2
(
e−1
) µ1µ2
b1b2
βb1b2a1...a5
(
e−1
) µ1µ2
b1b2
βb1b2a1...a8
(
e−1
) µ1µ2
b1b2
βb1b2a1...a7,b
0 0
(
e−1
) µ1...µ5
a1...a5
(
e−1
) µ1...µ5
b1...b5
γb1...b5a1...a8
(
e−1
) µ1...µ5
b1...b5
γb1...b5a1...a7, b
0 0 0
(
e−1
) µ1...µ8
a1...a8
0
0 0 0 0
(
e−1
) µ1...µ7,ν
a1...a7,b


,
(3.1.16)
where the symbols in the first line of this matrix are given by
αa|a1a2 = − 3Aaa1a2 , αa|a1...a5 = 3Aaa1...a5 +
3
2
Aa[a1a2 Aa3a4a5],
αa|a1...a8 =
3
2
Aa1...a8, a − 3Aa[a1...a5 Aa6a7a8],
αa|a1...a7, b =
4
3
Aa[a1...a7, b] + 3Aa[a1...a5 Aa6a7b] −
4
3
Aa[a1...a7], b
− 3Aa[a1...a5 Aa6a7]b −
1
2
Aa[a1a2 Aa3a4a5 Aa6a7]b, , (3.1.17)
the symbols in the second line are given by
βb1b2a1...a5 = − δ
b1b2
[a1a2
Aa3a4a5], β
b1b2
a1...a8
= δ b1b2[a1a2 Aa3...a8],
βb1b2a1...a7, b = δ
b1b2
[a1a2
Aa3...a7]b +
1
2
δ b1b2[a1a2 Aa3a4a5 Aa6a7]b − δ
b1b2
[a1a2
Aa3...a7b], (3.1.18)
and, finally, the symbols in the third line are given by
γb1...b5a1...a8 = − δ
b1...b5
[a1...a5
Aa6a7a8], γ
b1...b5
a1...a7,b
= δ b1...b5[a1...a5 Aa6a7b] − δ
b1...b5
[a1...a5
Aa6a7]b. (3.1.19)
3.2 D = 10
There are two ways of obtaining a ten-dimensional theory: removing node 10 leads to
type IIA supergravity theory, while removing node 9 leads to type IIB supergravity [12].
We will be interested in the latter. The corresponding Dynkin diagram is
• 10
|
⊗ 9
|
• − • − • − • − • − • − • − • − •
1 2 3 4 5 6 7 8 11
11
In this case all the generators fall into representations of GL (10) × SL (2, R). The non-
negative level generators of adjoint representation up to level 5 are [12,27]
Kab, Rαβ; R
a1a2
α ; R
a1...a4 ; Ra1...a6α ; R
a1...a8
αβ ; K
a1...a7,b,
Ra1...a10αβγ , R
a1...a8,b1b2
α , R
a1...a9,b
α . (3.2.1)
The negative level generators are
Rαa1a2 ; Ra1...a4 ; R
α
a1...a6
; Rαβa1...a8 ; Ka1...a7,b
Rαβγa1...a10 , R
α
a1...a8,b1b2
, Rαa1...a9,b. (3.2.2)
The l1 representation generators up to level five are
Pa; Z
a
α; Z
a1a2a3 ; Za1...a5α ; Z
a1...a7
αβ ; Z
a1...a7 , Za1...a6,b;
Za1...a9αβγ , Z
a1...a9
α , Zˆ
a1...a9
α , Z
a1...a8,b
α , Zˆ
a1...a8,b
α , Z
a1...a7,b1b2
α (3.2.3)
We note that some of the l1 generators at level five have multiplicity two. Although we
have listed the generators up to level five we will only use the generators up to level four,
that is, we will work just up to level four in what follows.
Lower case Greek indexes correspond to the fundamental representation of SL (2, R)
(α, β, γ, ... = 1, 2). Tensors that have multiple Greek indexes are assumed to be symmetric
in these indices. The general group element g = glgA, up to level 4, can be written as
gl = exp(x
a Pa + x
α
a Z
a
α + xa1a2a3 Z
a1a2a3 + xαa1...a5 Z
a1...a5
α + x
αβ
a1...a7
Za1...a7αβ
+xa1...a7 Z
a1...a7 + xa1...a6,b Z
a1...a6,b),
gA = exp
(
ha
bKab
)
exp
(
ϕαβ Rαβ
)
exp
(
Aa1...a7,bK
a1...a7,b
)
exp
(
Aαβa1...a8 R
a1...a8
αβ
)
× exp
(
Aαa1...a6 R
a1...a6
α
)
exp (Aa1...a4 R
a1...a4) exp
(
Aαa1a2 R
a1a2
α
)
, (3.2.4)
Where we have introduced the generalised coordinates
xa; xαa ; xa1a2a3 ; x
α
a1...a5
; xαβa1...a7 ; xa1...a7 ; xa1...a6,b. (3.2.5)
The tangent space group is Ic(E11) which at level zero is SO(1, 9) × SO(2). It is very
straightforward to compute at higher levels.
In this section we are going to calculate the generalised vielbein using its definition
in equation (1.10) rather than the matrix method of section two. In this approach the
generalised vielbein is computed by conjugating the l1 generators with the E11 group
element. We recall that
EΠ
A lA = g
−1
A lΠ gA. (3.2.5)
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Using the algebra from Appendix A.2 we can perform this conjugation for the D = 10
case. Conjugation with level 0 group element gives
exp
(
−ϕαβ Rαβ
)
exp
(
−ha
bKab
){
Pµ, Z
µ
α˙, Z
µ1µ2µ3 , Z
µ1...µ5
α˙ , Z
µ1...µ7
α˙1α˙2
, Zµ1...µ7 , Zµ1...µ6, ν
}
× exp
(
ha
bKab
)
exp
(
ϕαβ Rαβ
)
=
= (det e)
− 1
2
{
eµ
a Pa,
(
e−1
)
a
µ gα˙
β Zaβ ,
(
e−1
) µ1µ2µ3
a1a2a3
Za1a2a3 ,
(
e−1
) µ1...µ5
a1...a5
gα˙
β Za1...a5β ,
(
e−1
) µ1...µ7
a1...a7
g
β1β2
α˙1α˙2
Za1...a7β1β2 ,
(
e−1
) µ1...µ7
a1...a7
Za1...a7 ,
(
e−1
) µ1...µ6, ν
a1...a6, b
Za1...a6, b
}
, (3.2.7)
where eµ
b =
(
eh
)
µ
b, gα˙
β =
(
eε•γϕ
γ•)
α˙
β and
(
e−1
) µ1...µn
a1...an
=
(
e−1
)
[a1
µ1 ...
(
e−1
)
an]
µn , g β1...βnα1...αn = g[α1
β1 ...gαn]
βn ,
(
e−1
) µ1...µ6, ν
a1...a6, b
=
(
e−1
)
[a1
µ1 ...
(
e−1
)
a6]
µ6
(
e−1
)
b
ν −
(
e−1
)
[a1
µ1 ...
(
e−1
)
a6
µ6
(
e−1
)
b]
ν .
(3.2.8)
In the above equation and what follows we denote world, rather than tangent, SL (2)
indices with a dot, that is α˙, . . .. Conjugating with positive level generators can be obtained
by Taylor-expanding the exponents and truncating the series by level 4. For level one E11
generator we have
exp
(
−Aαb1b2 R
b1b2
α
){
Pa, Z
a1
α , Z
a1a2a3 , Za1...a5α
}
exp
(
Aαb1b2 R
b1b2
α
)
=
= Pa −A
α
ab Z
b
α +
1
2
εαβ A
α
aa1
Aβa2a3 Z
a1a2a3 −
1
6
εαβ A
α
aa1
Aβa2a3 A
γ
a4a5
Za1...a5γ +
+
1
24
εαβ A
α
aa1
Aβa2a3 A
α1
a4a5
Aα2a6a7 Z
a1...a7
α1α2
−
1
60
εαβ εσλA
α
aa1
Aβa2a3 A
σ
a4a5
Aλa6b Z
a1...a6, b,
Za1α − εαβ A
β
a2a3
Za1a2a3 +
1
2
εαβ A
β
a2a3
Aγa4a5 Z
a1...a5
γ −
1
6
εαβ A
β
a2a3
Aα1a4a5 A
α2
a6a7
Za1...a7α1α2 +
+
1
15
εαβ εσλA
β
a2a3
Aσa4a5 A
λ
a6b
Za1...a6, b, Za1a2a3 − Aαa4a5 Z
a1...a5
α +
1
2
Aα1a4a5 A
α2
a6a7
Za1...a7α1α2 −
−
1
5
εαβA
α
a4a5
A
β
a6b
Za1...a6, b, Za1...a5α −A
β
a6a7
Za1...a7αβ −εαβA
β
a6a7
Za1...a7+
2
5
εαβA
β
a6b
Za1...a6, b.
(3.2.9)
For level 2 E11 generator:
exp
(
−Ab1...b4 R
b1...b4
){
Pa, Z
a1
α , Z
a1a2a3
}
exp
(
Ab1...b4 R
b1...b4
)
=
= Pa − 2Aaa1a2a3 Z
a1a2a3 + 2Aaa1a2a3 Aa4...a7 Z
a1...a7 −
4
5
Aaa1a2a3 Aa4a5a6b Z
a1...a6, b,
13
Za1α +Aa2...a5 Z
a1...a5
α , Z
a1a2a3 − 2Aa4...a7 Z
a1...a7 +
4
5
Aa4a5a6b Z
a1...a6, b. (3.2.10)
For level 3 E11 generator:
exp
(
−Aβb1...b6 R
b1...b6
β
){
Pa, Z
a1
α
}
exp
(
A
β
b1...b6
Rb1...b6β
)
=
= Pa −
3
4
Aαaa1...a5 Z
a1...a5
α , Z
a1
α +
1
4
Aβa2...a7 Z
a1...a7
αβ +
+
3
4
εαβ A
β
a2...a7
Za1...a7 +
1
20
εαβ A
β
a2...a7
Za2...a7, a1 . (3.2.11)
and, finally, for level E11 4 generators:
exp
(
−Aβ1β2b1...b8 R
b1...b8
β1β2
)
Pa exp
(
A
β1β2
b1...b8
Rb1...b8β1β2
)
= Pa + A
α1α2
aa1...a7
Za1...a7α1α2 , (3.2.12)
exp
(
−Ab1...b7, bR
b1...b7, b
)
Pa exp
(
Ab1...b7, bR
b1...b7, b
)
= Pa + 3Aa1...a7, a Z
a1...a7 −
21
20
Aaa1...a6,b Z
a1...a6, b.
Using all these results we find, from equation (3.2.5), that the generalised vielbein is given
by
EΠ
A = (det e)
− 1
2


eµ
a αµ
|β
|a αµ|a1a2a3 αµ
|β
|a1...a5
αµ
|β1β2
|a1...a7
αµ|a1...a7 αµ|a1...a6, c
0
(
e−1
)
a
µgα˙
β β
µ
α˙ |a1a2a3 β
µ
α˙
|β
|a1...a5
β
µ
α˙
|β1β2
|a1...a7
β
µ
α˙ |a1...a7 β
µ
α˙ |a1...a6, c
0 0
(
e−1
)µ1µ2µ3
a1a2a3
γµ1µ2µ3
|β
|a1...a5
γµ1µ2µ3
|β1β2
|a1...a7
γµ1µ2µ3 |a1...a7 γ
µ1µ2µ3
|a1...a6,c
0 0 0
(
e−1
)µ1...µ5
a1...a5
gα˙
β χ
µ1...µ5
α˙
|β1β2
|a1...a7
χb1...b5α˙ |a1...a7 χ
µ1...µ5
α˙ |a1...a6,c
0 0 0 0
(
e−1
) µ1...µ7
a1...a7
g
β1β2
α˙1α˙2
0 0
0 0 0 0 0
(
e−1
) µ1...µ7
a1...a7
0
0 0 0 0 0 0
(
e−1
) µ1...µ6,ν
a1...a6,c


(3.2.13)
In the above world indices, that is, µ, . . . or α˙, . . . arise, as vielbeins acting on objects with
tangent indices, for example
αµ
|β
|a = eµ
b αb
|β
|a , β
µ
α˙ |a1a2a3 =
(
e−1
)
b
µgα˙
γ βbγ |a1a2a3 ,
γµ1µ2µ3
|β
|a1...a5
=
(
e−1
) µ1µ2µ3
b1b2b3
γb1b2b3
|β
|a1...a5
,
χ
µ1...µ5
α˙
|β1β2
|a1...a7
=
(
e−1
) µ1...µ5
b1...b5
gα˙
γχb1...b5γ
|β1β2
|a1...a7
, . . .
χ
µ1...µ5
α˙ |a1...a7 =
(
e−1
) µ1...µ5
b1...b5
gα˙
γχb1...b5γ |a1...a7 ,
14
χ
µ1...µ5
α˙ |a1...a6,b =
(
e−1
) µ1...µ5
b1...b5
gα˙
γχb1...b5γ |a1...a6,b, . . .
The symbols in the first line of the above matrix are given by
αa
|α
|b = −A
α
ab, αa|a1a2a3 = − 2Aaa1a2a3 +
1
2
εαβ A
α
a[a1
A
β
a2a3]
,
αa
|α
|a1...a5
= −
3
4
Aαaa1...a5 + 2Aa[a1a2a3 A
α
a4a5]
−
1
6
εβγA
β
a[a1
Aγa2a3A
α
a4a5]
,
αa
|α1α2
|a1...a7
= Aα1α2aa1...a7 +
3
4
A
(α1
a[a1...a5
A
α2)
a6a7]
− Aa[a1a2a3A
α1
a4a5
Aα2
a6a7]
+
1
24
εβγA
β
a[a1
Aγa2a3A
α1
a4a5
Aα2
a6a7]
,
αa|a1...a7 = 3Aa1...a7, a +
3
4
εαβ A
α
a[a1...a5
A
β
a6a7]
+ 2Aa[a1a2a3 Aa4...a7],
αa|a1...a6, b = −
21
20
Aaa1...a6, b −
3
10
εαβ A
α
a[a1...a5
A
β
a6]b
+
3
10
εαβ A
α
a[a1...a5
A
β
a6b]
−
4
5
Aa[a1a2a3 Aa4a5a6]b +
4
5
Aa[a1a2a3 Aa4a5a6b] ++
2
5
εαβ Aa[a1a2a3 A
α
a[a4a5
A
β
a6]b
−
1
60
εαβ εσλA
α
a[a1
Aβa2a3 A
σ
a4a5
Aλa6]b, (3.2.14)
in the second line are
βaα|a1a2a3 = − εαβ δ
a
[a1
A
β
a2a3]
, βaα
|β
|a1...a5
= δβα δ
a
[a1
Aa2...a5] +
1
2
εαγ δ
a
[a1
Aγa2a3 A
β
a4a5]
,
βaα
|β1β2
|a1...a7
=
1
4
δ a[a1 δ
(β1
α A
β2)
a2...a7]
− δ a[a1 δ
(β1
α Aa2...a5 A
β2)
a6a7]
−
1
6
εαγ δ
a
[a1
Aγa2a3 A
β1
a4a5
A
β2
a6a7]
βaα|a1...a7 =
3
4
εαβ δ
a
[a1
A
β
a2...a7]
− εαβ δ
a
[a1
Aa2...a5 A
β
a6a7]
, βaα|a1...a6, b =
1
20
εαβ δ
a
b A
β
a1...a6
−
−
1
20
εαβ δ
a
[b A
β
a1...a6]
+
2
5
εαβ δ
a
[a1
Aa2...a5 A
β
a6]b
−
2
5
εαβ δ
a
[a1
Aa2...a5 A
β
a6b]
+
1
15
εαβ εσλ δ
a
[a1
Aβa2a3 A
σ
a4a5
Aλa6]b, (3.2.15)
in the third line are
γb1b2b3
|β
|a1...a5
= − δ b1b2b3[a1a2a3 A
β
a4a5]
, γb1b2b3
|β1β2
|a1...a7
=
1
2
δ b1b2b3[a1a2a3 A
β1
a4a5
A
β2
a6a7]
,
γb1b2b3 |a1...a7 = −2 δ
b1b2b3
[a1a2a3
Aa4...a7], γ
b1b2b3
|a1...a6, b =
4
5
δ b1b2b3[a1a2a3 Aa4a5a6]b−
−
4
5
δ b1b2b3[a1a2a3 Aa4a5a6b] −
1
5
εαβ δ
b1b2b3
[a1a2a3
Aαa4a5 A
β
a6]b
. (3.2.16)
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and finally in the fourth line are
χb1...b5α
|α1α2
|a1...a7
= − δ(α1α δ
b1...b5
[a1...a5
A
α2)
a6a7]
, χb1...b5α |a1...a7 = −εαβ δ
b1...b5
[a1...a5
A
β
a6a7]
,
χb1...b5α |a1...a6, b = − εαβ δ
b1...b5
[a1...a5
A
β
a6]b
+ εαβ δ
b1...b5
[a1...a5
A
β
a6b]
. (3.2.17)
3.3 D = 5
The five dimensional theory is obtained by deleting node 5 from the E11 Dynkin
diagram, given below, to find the algebra GL(5) × E6 and decomposing the E11 ⊗s l1
algebra into representations of this algebra [15].
• 11
|
• − • − • − • − ⊗ − • − • − • − • − •
1 2 3 4 5 6 7 8 9 10
In this decomposition the positive, including zero, level generators of the E11 algebra are
Kab, R
α, RaM , Ra1a2N , R
a1a2a3,α,
Ra1a2,b, Ra1...a4N1N2 , R
a1,b1b2b3N , . . . (3.3.1)
where R[a1a2,b] = 0 and R[a1,b1b2b3]N = 0, while those with negative level are given by
RaM , Ra1a2
N , Ra1a2a3
α, , Ra1a2,b, Ra1...a4
N1N2 , Ra1,b1b2b3N , . . . (3.3.2)
The l1 representation decomposes to give the generators [15]
Pa, Z
N , ZaN , Z
a1a2, α, Za1a2 , Za1a2,bN , Za1a2a3N1N2 , . . . (3.3.3)
The fifth generator does not obey Z [a1a2,b]N = 0 and the third generator Za1a2 has no
symmetries on its two indices. For these objects the lower case Latin indexes correspond
to 5-dimensional representation of GL(5) (a, b, c, ... = 1, ..., 5). Greek indexes correspond
to 78-dimensional adjoint representation of E6 (α, β, γ, ... = 1, ..., 78). Upper and lower
case Latin indexes correspond to 27-dimensional and 27-dimensional representations re-
spectively of E6 (N, M, P, ... = 1, ..., 27). The 351-dimensional representation can be
written as two antisymmetrised indices ie XNM .
An arbitrary group element can be parametrised in the following way:
gl = exp
(
xa Pa + xN Z
N + xa
N ZaN + xa1a2, α Z
a1a2, α + xab Z
ab
)
,
gA = exp
(
ha
bKab
)
exp (ϕαR
α) exp (Aa1a2a3, αR
a1a2a3, α)×
× exp
(
Aa1a2, bR
a1a2, b
)
exp
(
Aa1a2
N Ra1a2N
)
exp
(
AaN R
aN
)
. (3.3.4)
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We find that the five dimensional theory has a generalised space-time that has the coordi-
nates
xa, xN , xa
N , xa1a2,α, xab, . . . (3.3.5)
and the fields
ha
b, ϕα, AaM , Aa1a2
N , Aa1a2a3, α, Aa1a2, b, . . . (3.3.6)
which depend on the generalised space-time. The tangent space structure is obvious from
the presence of the coordinates and the tangent space group is Ic(E11) which are lowest
level is SO(1, 4)⊗ Usp(8). The generalised vierbein is defined in equation (1.10) and it is
straight forward, using the commutators in appendix A.3, to find the generalised vielbein.
However, one can also the matrix expression of equation (2.1), or more appropriately
equation (2.10), which in the five dimensional case takes the form
EΠ
A = eA0 eA˜0 eA3 eA˜3 eA2 eA1 , (3.3.7)
where
A0 ≡ ha
bDa
b, A˜0 ≡ ϕαD
α, A1 ≡ AaND
aN , A2 ≡ Aa1a2
NDa1a2N ,
A3 ≡ Aa1a2a3, αD
a1a2a3, α, A˜3 ≡ Aa1a2, bD
a1a2, b, (3.3.8)
We will compute the generalised vielbein up to level three. We begin by considering the
level zero part and noting that
dx · (A0) · l =
−
[
ha
bKab, dx
a Pa + dxN Z
N + dxa
N ZaN + dxa1a2, α Z
a1a2, α + dxab Z
ab
]
, (3.3.9)
and
dx ·
(
A˜0
)
· l =
−
[
ϕαR
α, dxa Pa + dxN Z
N + dxa
N ZaN + dxa1a2, α Z
a1a2, α + dxab Z
ab
]
, (3.3.10)
from which we conclude that
A0 =


ha
b 0 0 0 0
0 0 0 0 0
0 0 −hb
a δMN 0 0
0 0 0 − 2h[b1
[a1 δ
a2]
b2]
δαβ 0
0 0 0 0 −hc
a δbd − δ
a
c hd
b

−
1
2
he
e I, (3.3.11)
and
A˜0 =


0 0 0 0 0
0 −ϕα (D
α)M
N 0 0 0
0 0 δb
a ϕα (D
α)N
M 0 0
0 0 0 δa1a2b1b2 ϕγ f
γα
β 0
0 0 0 0 0

 . (3.3.12)
It then follows that
eA0eA˜0 = (det e)
− 1
2 ×
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

e aµ 0 0 0 0
0
(
d−1
)
M
N˙ 0 0 0
0 0 dN˙
M
(
e−1
)
a
µ 0 0
0 0 0
(
e−1
) µ1µ2
a1a2
(
f−1
)
β
α˙ 0
0 0 0 0
(
e−1
)
a
µ
(
e−1
)
b
ν


, (3.3.13)
where
eµ
a =
(
eh
)
µ
a, dN˙
M =
(
eϕ
αDα
)
N˙
M , fα˙
β =
(
eϕγf
γ•
•
)β
α˙, (3.3.14)
and
(
e−1
) µ1...µn
a1...an
=
(
e−1
) µ1
[a1
...
(
e−1
) µn
an]
, d M1...Mn
N˙1...N˙n
= d[N˙1
M1 ...dN˙n]
Mn . (3.3.15)
A dot over an index means that it is a world rather than a tangent index.
We now compute A1 in a similar way by considering
dx·(A1)·l = −
[
AaN R
aN , dxa Pa + dxN Z
N + dxa
N ZaN + dxa1a2, α Z
a1a2, α + dxab Z
ab
]
,
(3.3.16)
from which we conclude, using the commutators of appendix A.3, that
A1 =


0 −AaM 0 0 0
0 0 dNMP AbP 0 0
0 0 0 − (Dβ)N
M δ a[b1 Ab2]M AcN δ
a
d
0 0 0 0 0
0 0 0 0 0

 . (3.3.17)
Proceeding in a similar way we find that
A2 =


0 0 − 2Aab
M 0 0
0 0 0 (Dβ)P
NAb1b2
P − 2Acd
N
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , (3.3.18)
A3 =


0 0 0 − 3Aab1b2, β 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , (3.3.19)
and
A˜3 =


0 0 0 0 − 4Ad(a, c)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 . (3.3.20)
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It is now just a matter of matrix multiplication, albeit with unusual index sets, to find the
generalised vielbein using equation (3.3.7), the result is
EΠ
A = (det e)
− 1
2


e aµ eµ
b αb|M eµ
b αb|a
M eµ
b αb|a1a2, α eµ
b αb|cd
0
(
d−1
)
M
N˙
(
d−1
)
P
N˙βP a
M
(
d−1
)
P
N˙βP a1a2,α
(
d−1
)
P
N˙βP cd
0 0 dN˙
M
(
e−1
)
a
µ dN˙
P
(
e−1
)
b
µγbP |a1a2, α dN˙
P
(
e−1
)
b
µγbP |cd
0 0 0
(
e−1
) µ1µ2
a1a2
(
f−1
)
β
α 0
0 0 0 0
(
e−1
)
c
µ
(
e−1
)
d
ν


,
(3.3.21)
where in the first line
αa|N = −AaN , αa|b
N = − 2Aab
N −
1
2
dNMP AaM AbP ,
αa|a1a2, α = − 3Aaa1a2, α + 2Aa[a1
NAa2]M (Dα)N
M +
1
6
AaN A[a1M Aa2]P d
NMS (Dα)S
P ,
αa|cd = − 4Ad(a, c) − 2Aad
N AcN −
1
6
AaN AbM AcP d
NMP , (3.3.22)
in the second line
βNa
M = AaP d
NMP , βNa1a2,α = Aa1a2
M (Dα)M
N −
1
2
A[a1M Aa2]R d
NMP (Dα)P
R,
βNab = − 2Aab
N +
1
2
AaM AbP d
NMP , (3.3.23)
and in the third line
γaN|a1a2, α = − δ
a
[a1
Aa2]M (Dα)N
M , γaN|cd = δ
a
d AcN . (3.3.24)
3.4 D = 4
The four dimensional theory is obtained by deleting node 4 from the Dynkin diagram
and so decomposing the E11 algebra into representations of GL (4)×E7 [19]. However, it is
easier to work with SL (8) subalgebra of E7, instead of E7 itself; the E7 representations can
be reconstructed if needed. In this case all the generators belong to different representations
of GL (4)× SL (8).
• 11
|
• − • − • − ⊗ − • − • − • − • − • − •
1 2 3 4 5 6 7 8 9 10
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In this section we are going to calculate the Cartan form up to level 2. The positive (and
zero) level generators of E11 are
Kab, R
I
J , R
I1...I4 ; RaI1I2 , RaI1I2 ; Kˆ
(ab), Ra1a2IJ , R
a1a2I1...I4 . (3.4.1)
The negative level generators are
RaI1I2 , Ra
I1I2 ; Kˆ(ab), Ra1a2
I
J , Ra1a2I1...I4 . (3.4.2)
The l1 representation generators are
Pa; Z
I1I2 , ZI1I2 ; Z
a, ZaIJ , Z
aI1...I4 . (3.4.3)
The parametrisation of an arbitrary level 2 group element is of the form
gl = exp
(
xa Pa + xI1I2 Z
I1I2 + xI1I2 ZI1I2 + xˆa Z
a + xa
J
I Z
aI
J + xaI1...I4 Z
aI1...I4
)
,
gA = exp
(
ha
bKab
)
exp
(
ϕIJ R
I
J
)
exp
(
ϕI1...I4 R
I1...I4
)
exp
(
hˆ(ab) Kˆ
(ab)
)
× exp
(
Aa1a2
J
I R
a1a2I
J
)
exp
(
Aa1a2I1...I4 R
a1a2I1...I4
)
exp
(
AaI1I2 R
aI1I2 +Aa
I1I2 RaI1I2
)
,
(3.4.4)
where we have introduced the generalised coordinates
xa; xI1I2 , x
I1I2 ; xˆa, xa
I
J , xaI1...I4 , (3.4.5)
and the fields
ha
b, ϕIJ , ϕI1...I4 ; AaI1I2 , Aa
I1I2 ; hˆ(ab), Aa1a2
I
J , Aa1a2I1...I4 . (3.4.6)
To calculate the generalised vielbein we used the definition of equation (1.10), which
was the same technique as was used in section (3.2) for the ten dimensional IIB theory.
Conjugation of any l1 generator with group element that contains the K
a
b and R
I
J gen-
erators gives the following:
exp
(
−ϕIJ R
I
J
)
exp
(
−ha
bKab
){
Pµ, Z
I1I2 , ZI1I2 , Z
µ, ZµIJ , Z
µI1...I4
}
exp
(
ha
bKab
)
exp
(
ϕIJ R
I
J
)
=
= (det e)
− 1
2
{
eµ
a Pa,
(
f−1
)I˙1I˙2
J1J2
ZJ1J2 , fJ1J2
I˙1I˙2
, ZJ1J2 ,
(
e−1
)
a
µ Za,
(
e−1
)
a
µ
(
f−1
)I˙
K f
L
J Z
aK
L,
(
e−1
)
a
µ
(
f−1
)I˙1...I˙4
J1...J4
ZaJ1...J4
}
, (3.4.7)
where eµ
b =
(
eh
)
µ
b, f I J˙ = (e
ϕ)
I
J , and
(
e−1
) µ1...µn
a1...an
=
(
e−1
)
[a1
µ1 ...
(
e−1
)
an]
µn ,
(
f−1
)I˙1...I˙n
J1...Jn
= f I1 [J1 ...f
In
Jn]. (3.4.8)
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We place a dot on a SL(8) index to denote that it is a world, rather than a tangent, index.
Conjugation with RI1...I4 generator gives
exp
(
−ϕI1...I4 R
I1...I4
){
Pa, Z
I1I2 , ZI1I2 , Z
a, ZaIJ , Z
aI1...I4
}
exp
(
ϕI1...I4 R
I1...I4
)
=
=
{
Pa, β
I1I2
J1J2
ZJ1J2 + βI1I2|J1J2 ZJ1J2 , β
J1J2
I1I2
ZJ1J2 + βI1I2|J1J2 Z
J1J2 , Za,
γIJ|K
L ZaKL + γ
I
J|J1...J4 Z
aJ1...J4 , γI1...I4J1...J4 Z
aJ1...J4 + γI1...I4K
L ZaKL
}
, (3.4.9)
where the β-matrices that mix level 1 elements are defined as
βI1I2J1J2 =
(
1 +
1
2
P +
1
4!
P 2 +
1
6!
P 3 + ...
)I1I2
J1J2
, P I1I2J1J2 =
1
24
εI1...I8 ϕI3...I6 ϕI7I8J1J2 ,
βI1I2|J1J2 = −
1
24
εJ1...J8
(
1 +
1
3!
P +
1
5!
P 2 +
1
7!
P 3 + ...
)I1I2
J3J4
ϕJ5...J8 ,
βI1I2|J1J2 = −ϕJ1...J4
(
1 +
1
3!
P +
1
5!
P 2 +
1
7!
P 3 + ...
)J3J4
I1I2
, (3.4.10)
while the γ-matrices, responsible for mixing of level 2 elements, are given by
γIJ|K
L =
(
1 +
1
2
Q+
1
4!
Q2 +
1
6!
Q3 + ...
)I L
J|K
,
QIJ|K
L =
(
1
72
δIJ ϕI1...I4 −
1
9
δII1 ϕJI2I3I4
)
εI1...I4J1J2J3L ϕJ1J2J3K ,
γI1...I4J1...J4 =
(
1 +
1
2
R+
1
4!
R2 + ...
)I1...I4
J1...J4
,
RI1...I4J1...J4 = ε
I1...I4K1K2K3J ϕK1K2K3I
(
1
72
δIJ ϕJ1...J4 −
1
9
δ I[J1 ϕ|J|J2J3J4]
)
,
γIJ|J1...J4 =
(
1 +
1
3!
Q+
1
5!
Q2 +
1
7!
Q3 + ...
)I L
J|K
(
4
3
δK[J1 ϕ|L|J2J3J4] −
1
6
δKL ϕJ1...J4
)
,
γI1...I4I
J = −
1
12
(
1 +
1
3!
R +
1
5!
R2 +
1
7!
R3 + ...
)I1...I4
J1...J4
εJ1...J4K1K2K3J ϕK1K2K3I .
(3.4.11)
Conjugation with level 1 and level 2 elements is performed by Taylor-expanding the expo-
nents. The generalised vielbein is
EΠ
A = (det e)
− 1
2 ×
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

eµ
a αµ|J1J2 αµ
J1J2 αµ|a αµ|aK
L αµ|aI1...I4
0 βI˙1 I˙2J1J2 β
I˙1 I˙2|J1J2 βI˙1I˙2a β
I˙1 I˙2
aK
L βI˙1 I˙2aJ1...J4
0 βI˙1 I˙2|J1J2 β
J1J2
I˙1I˙2
βI˙1I˙2|a βI˙1 I˙2|aK
L βI˙1I˙2|aJ1...J4
0 0 0
(
e−1
)
a
µ 0 0
0 0 0 0
(
e−1
)
a
µ γ I˙ J˙|K
L γ I˙ J˙|J1...J4
0 0 0 0
(
e−1
)
a
µ γ I˙1...I˙4K
L
(
e−1
)
a
µγ I˙1...I˙4J1...J4


(3.4.12)
The quantities in the above matrix which have world indices are given in terms of quantities
with all tangent indices by
αµ|J1J2 = eµ
b αb|J1J2 , αµ
J1J2 = eµ
b αb
J1J2 , etc
as well as
βI˙1 I˙2J1J2 =
(
f−1
)I˙1I˙2
K1K2
βK1K2J1J2 , βI˙1 I˙2|J1J2 = f
K1K2
I˙1I˙2
βK1K2|J1J2 ,
βI˙1 I˙2|J1J2 =
(
f−1
)I˙1I˙2
K1K2
βK1K2|J1J2βJ1J2
I˙1I˙2
= fK1K2
I˙1I˙2
βJ1J2K1K2 ,
which form the generalised vielbein on the coset space of the non-linear realisation of
E7 ⊗s l
56 with local subgroup SU(8), and in addition
βI˙1I˙2a =
(
f−1
)I˙1 I˙2
K1K2
βK1K2a, βI˙1I˙2|a = f
K1K2
I˙1I˙2
βK1K2|a
βK˙I1K˙I2aK
L =
(
f−1
)I˙1I˙2
K1K2
βK1K2aK
L, βI˙1 I˙2aJ1...J4 =
(
f−1
)I˙1I˙2
K1K2
βK1K2aJ1...J4
βI˙1I˙2|aK
L = fK1K2
I˙1I˙2
βK1K2|aK
L, βI˙1 I˙2|aJ1...J4 = f
K1K2
I˙1 I˙2
βK1K2|aJ1...J4 ,
γ I˙ J˙|K
L =
(
f−1
)I˙
M f
N
J˙ γ
M
N|K
L, γ I˙ J˙|J1...J4 =
(
f−1
)I˙
M f
N
J˙γ
M
N|J1...J4
γ I˙1...K=I˙4K
L =
(
f−1
)I˙1...I˙4
K1...K4
γK1...K4K
L, γ I˙1...I˙4J1...J4 =
(
f−1
)I˙1...I˙4
K1...K4
γK1...K4J1...J4
With these definitions the symbols in the first line of the matrix are given by
αa|I1I2 = −AaI1I2 , αa
I1I2 = −AI1I2a , αa|b = − hˆ(ab) −
1
2
A[aI1I2 A
I1I2
b] ,
αa|bI
J =
1
2
AabI
J +
1
2
A(aKI A
KJ
b) , αa|bI1...I4 =
1
6
AabI1...I4
−
1
2
Aa[I1I2 AbI3I4] +
1
48
εI1...I8 A
I5I6
a A
I7I8
b , (3.4.13)
and the second line by
βI1I2a = β
I1I2
J1J2
AJ1J2a − β
I1I2|J1J2 AaJ1J2 , β
I1I2
aI
J = −βI1I2KI A
KJ
a − β
I1I2|KJ AaKI ,
βI1I2aJ1...J4 = β
I1I2
[J1J2
AaJ3J4] −
1
24
εJ1...J8 β
I1I2|J5J6 AJ7J8a ,
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βI1I2|a = −β
J1J2
I1I2
AaJ1J2 + βI1I2|J1J2 A
J1J2
a , βI1I2|aI
J = −βKJI1I2 AaKI − βI1I2|KI A
KJ
a ,
βI1I2|aJ1...J4 = −
1
24
εJ1...J8 β
J5J6
I1I2
AJ7J8a + βI1I2|[J1J2 AaJ3J4]. (3.4.14)
4 The non-linear realisation of A+++1 and its generalised vielbein
As we have mentioned the non-linear realisations of the semi-direct product of very
extended A1, denoted A
+++
1 with its their first fundamental representation, denoted l1 is
conjectured to lead to the complete low energy effective action for four dimensional gravity
[7]. The Dynkin diagram for the Kac-Moody algebra A+++1 is
• − • − • = ⊗
1 2 3 4
which corresponds to the Cartan matrix
A =


2 −1 0 0
−1 2 −1 0
0 −1 2 −2
0 0 −2 2

 . (4.1)
The four dimensional theory appears when we delete node four, as indicated in the above
diagram, to leave the algebra GL (4). Decomposing A+++1 into this subalgebra we find
that the positive level generators of to level 2 are given by
Kab; R
ab; Rab,cd, (4.2)
where the generators obey the conditions Rab = Rab and Rab,cd = Rab,(cd) = R[ab],cd, while
the negative level generators are
Rab; Rab,cd (4.3)
and satisfy similar constraints. The level ±2 generators satisfy the conditions
R[ab,c]d = R[ab,c]d = 0. (4.4)
For this Kac-Moody algebra the level is the number of up minus down GL (4) indices on
the generator divided by two.
The A+++1 algebra can be constructed in the usual way, see reference [8] for a review
of this process in the context of E11. The commutators for the listed generators preserve
the level and must obey the Jacobi identities, as such one proceeds level by level writing
down the most general right-hand side for each commutator and then tests the Jacobi
identities level by level. The generators belong to representations of GL (4) and so their
commutators with the generators Kab are
[Kab, K
c
d] = δ
c
b K
a
d − δ
a
d K
c
b,
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[Kab, R
a1a2 ] = 2 δ
(a1
b R
|a|a2), [Kab, Ra1a2 ] = − 2 δ
a
(a1
R|b|a2),[
Kab, R
cd,ef
]
= δcb R
ad,ef + δa2b R
ca,ef + δeb R
cd,af + δfb R
cd,ea,
[Kab, Rcd,ef ] = − δ
a
c Rbd,ef − δ
a
d Rcb,ef − δ
a
e Rcd,bf − δ
a
f Rcd,eb. (4.5)
The level 2 (−2) two commutators must give on the right-hand side the unique level 2
(−2) generators and can be written in the form
[
Rab, Rcd
]
= Rac,bd +Rbd,ac, [Rab, Rcd] = Rac,bd +Rbd,ac. (4.6)
where the normalisation of the level 2 (−2) generators are fixed by these relations. The
reader may verify that the right-hand side of these commutators do indeed have the sym-
metries of the generators which occur in the left-hand side using the constraints on the
generators given below equation (4.2). The commutators between the positive and negative
level generators are given by
[
Rab, Rcd
]
= 2 δ
(a
(c K
b)
d) − δ
(ab)
cd
∑
e
Kee,
[
Rab,cd, Ref
]
= δ
(bd)
ef R
ac + δ
(bc)
ef R
ad − δ
(ac)
ef R
bd − δ
(ad)
ef R
bc,
[
Rab,cd, R
ef
]
= δefbd Rac + δ
(ef)
bc Rad − δ
(ef)
ac Rbd − δ
ef
ad Rbc. (4.7)
where δ
(ab)
cd = δ
(a
c δ
b)
d .
The relation of the above generators to the Chevalley generators of A+++1 is given by
H1 = K
1
1 −K
2
2, H2 = K
2
2 −K
3
3, H3 = K
3
3 −K
4
4
H4 = −K
1
1 −K
2
2 −K
3
3 +K
4
4. (4.8)
E1 = K
1
2, E2 = K
2
3, E3 = K
3
4, E4 = R
44, (4.9)
F1 = K
2
1, F2 = K
3
2, F3 = K
4
3, F4 = R44 (4.10)
One can verify that the satisfy the defining relations
[Ha, Eb] = AabEj, [Ea, Fb] = δabHa, [Ha, Fb] = −Aab Fb (4.11)
were Aab is the Cartan matrix of A
+++
1 given in equation (4.1).
The Cartan involution acts on the generators of A+++1 as follows
Ic (K
a
b) = −K
b
a, Ic (Rab) = −R
ab, Ic
(
Rab,cd
)
= Rab,cd, (4.12)
The reader may verify that it leaves invariant the above commutators.
We pause here to review how the above construction of the A+++1 algebra was carried
out as this can act as an illustration of how to construct any Kac-Moody algebra from a
knowledge of the generators. We have first written down the commutators of the known
generators of equations (4.2) and (4.3) which are consistent with the level, SL(4) algebra,
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the Cartan involution and the symmetries of the indices on the generators. Strictly we
should have included arbitrary constants on the right-hand sides of these commutators,
that is, two constants in first of equations (4.7) and one constant in the last two of the
equations (4.7), which are related by the action of the Cartan involution. The Jacobi
identity [[Rab, Rcd], Ref ] + . . . = 0 then gives one relation between these three constants.
We have then consider the Chevalley relations which by definition must satisfy the
relations of equation (4.11). Those for the first three nodes, that is, Ea, Fa and Ha, a =
1, 2, 3 are just those for the subalgebra A3 and are given in equation (4.8-10). The Chevalley
generators E4 must be constructed out of the level one generators R
ab. It must also
commute with F1, F2 and F3 and as a result it must, up to scale, be R
44. We can choose
it to be E4 = R
44. Similarly, or using the Cartan involution, we find that F4 = R44.
The Chevalley generator H4 must be a sum of the K
a
a generators and finding the correct
relations with E1, . . . , E4 we find it is as given in equation (4.8). Finally, we impose that
[E4, Fa] = 2H4 = [R
44, R44] which using the first of equations (4.7) fixes the two constants
we should have introduced in this relations to be as they are given.
The l1 representation generators up to level two are given by
Pa; Z
a; Zabc, Zab,c, (4.13)
where Zabc = Z(abc), Zab,c = Z [ab],c and Z [ab,c] = 0. Their commutators with the level 0
generators of GL(4) are given by
[Kab, Pc] = − δ
a
c Pb +
1
2
δab Pc, [K
a
b, Z
c] = δcb Z
a +
1
2
δab Z
c,
[Kab, Z
cde] = δcb Z
ade + δdb Z
cae + δeb Z
cda +
1
2
δabZ
cde,
[Kab, Z
cd,e] = δcb Z
ad,e + δdb Z
ca,e + δeb Z
cd,a +
1
2
δabZ
cd,e. (4.14)
The commutators of the level one A+++1 generators with the l1 generators must in-
crease their level by one and they can be chosen to be of the form
[Rab, Pc] = δ
(a
c Z
b), [Rab, Zc] = Zabc + Zc(a,b). (4.15)
Using the Jacobi identities, the commutator of Pa with the level 2 generator of A
+++
1 is
found to be
[Rab,cd, Pe] = − δ
[a
e Z
b]cd +
1
4
(
δae Z
b(c,d) − δbe Z
a(c,d)
)
−
3
8
(
δce Z
ab,d + δde Z
ab,c
)
. (4.16)
The commutators with level-lowering generators are given by
[Rab, Pc] = 0, [Rab, Z
c] = 2 δ c(a Pb),
[Rab, Z
cde] =
2
3
(
δcd(ab) Z
e + δde(ab) Z
c + δec(ab) Z
d
)
,
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[Rab, Z
cd,e] =
4
3
(
δde(ab) Z
c − δce(ab) Z
d
)
. (4.17)
The very first relation reflects the fact that the l1 representation is a lowest weight repre-
sentation.
Having constructed the A+++1 ⊗s l1 algebra up to level two we can construction its
non-linear realisation. The group element g = glgA can, up to level two, be written in the
form
gl = exp
(
xa Pa + ya Z
a + xabc Z
abc + xab, c Z
ab, c
)
,
gA = exp
(
ha
bKab
)
exp
(
Aab,cdR
ab,cd
)
exp
(
AabR
ab
)
, (4.18)
We find that we have introduced the fields
ha
b; Aab; Aab,cd (4.19)
where Aab = A(ab); Aab,cd = A[ab],cd = Aab,(cd), and the coordinates
xa; ya; xabc, xab,c, (4.20)
where xabc = x(abc), xab,c = x[ab],c,. The field ha
b is the usual graviton while the field
Aab is the dual graviton. Analogously the coordinates x
a are the usual coordinates of
space-time while the coordinates ya are the dual coordinates.
This non-linear realisation is a good arena in which to discuss the dual graviton
and the resulting dynamics will be discussed elsewhere. Here we will content ourselves
with calculating the generalised vielbein up to level two. We will use the definition of
equation (1.10) which involves conjugating the l1 generators with gA using the above
algebra. Conjugation with level 0 group element gives
exp
(
−ha
bKab
){
Pµ, Z
µ, Zµ1µ2µ3 , Zµ1µ2,µ3
}
exp
(
ha
bKab
)
=
= (det e)
− 1
2
{
eµ
a Pa,
(
e−1
)
a
µ Za,
(
e−1
) (µ1µ2µ3)
(a1a2a3)
Za1a2a3 ,
(
e−1
) [µ1µ2],µ3
[a1a2],a3
Za1a2,a3
}
,
(4.21)
where ea
b =
(
eh
)
a
b and
(
e−1
) µ1...µn
a1...an
=
(
e−1
)
[a1
µ1 ...
(
e−1
)
an]
µn ,
(
e−1
) [µ1µ2],µ3
[a1a2],a3
=
(
e−1
)
[a1
µ1
(
e−1
)
a2]
µ2
(
e−1
)
a3
µ3 −
(
e−1
)
[a1
µ1
(
e−1
)
a2
µ2
(
e−1
)
a3]
µ3 .
(4.22)
Conjugating with positive level generators can be obtained by Taylor-expanding the expo-
nents and truncating the series by level 2. For the E11 level one generators we have
exp
(
−AbcR
bc
){
Pa, Z
a
}
exp
(
AbcR
bc
)
=
=
{
Pa −Aab Z
b +
1
2
AabAcd Z
bcd +
1
2
AabAcd Z
bc,d, Za − Abc Z
abc − Abc Z
ab,c
}
. (4.23)
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while for the E11 level 2 generator:
exp
(
Abc,deR
bc,de
)
Pa exp
(
Abc,deR
bc,de
)
= Pa + Aab,cd Z
bcd +
(
3
4
Abc,ad −
1
2
Aab,cd
)
Zbc,d. (4.24)
As we are only computing up to level two, that is, up to the l1 elements Z
abc and Zab,c
the order in which we calculate the action of the group elements on the l1 generators is
irrelevant. Combining these results together we find that the generalised vielbein up to
level two is given by
EΠ
A = (det e)
− 1
2
=


eµ
a eµ
b αb|a eµ
b αb|a1a2a3 eµ
b αb|a1a2,a3
0
(
e−1
)
a
µ
(
e−1
)
b
µ βba1a2a3
(
e−1
)
b
µ βba1a2,a3
0 0
(
e−1
) (µ1µ2µ3)
(a1a2a3)
0
0 0 0
(
e−1
) [µ1µ2],µ3
[a1a2],a3

 , (4.25)
where the symbols in the first line are given by
αa|b = −Aab, αa|a1a2a3 = αa|(a1a2a3) = Aa(a1,a2a3) +
1
2
Aa(a1 Aa2a3),
αa|a1a2,a3 = αa|[a1a2],a3 =
3
4
Aa1a2,a3a −
1
2
Aa[a1,a2]a3 +
1
2
Aa[a1 Aa2]a3 , (4.26)
while the symbols in the second line are given by
βaa1a2a3 = β
a
(a1a2a3) = − δ
a
(a1
Aa2a3), β
a
a1a2,a3 = β
a
[a1a2],a3 = − δ
a
[a1
Aa2]a3 . (4.27)
5 Conclusion
In this paper we have reviewed how to construct the generalised vielbein associated
with the generalised space-time that arises in the non-linear realisation of E11 ⊗s l1. We
find the generalised vielbein up to, and including, the level containing the dual graviton
in eleven, five and four dimensions as well as for the ten dimensional IIB theory. To find
these results one requires E11⊗s l1 algebra up to the level concerned. These algebras were
previously known in eleven and four dimensions and in this paper we have also found them
in five dimensions and for the ten dimensional IIB theory, the explicit formulae being given
in appendix A.
In a recent paper the gauge transformations of the fields in the E11 ⊗s l1 non-linear
realisation were proposed [29]. These are formulated in terms of the generalised vielbein
and the results for this object given in this paper will prove useful for finding the explicit
gauge transformations.
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Appendix A
For convenience we give in this appendix the E11 ⊗s l1 algebra appropriate to four,
five and eleven dimensions and also for the IIB ten dimensional theory.
A.1 D = 11 algebra
In this appendix we repeat, for convenience, the E11 ⊗s l1 algebra decomposed into
representations ofGL (11) [11]. The commutators of the E11 generators with the generators
of Kab are given by
[Kab, K
c
d] = δ
c
b K
a
d − δ
a
d K
c
b, [K
a
b, R
a1a2a3 ] = 3 δ
[a1
b R
|a|a2a3],
[Kab, Ra1a2a3 ] = − 3 δ
a
[a1
R|b|a2a3],
[Kab, R
a1...a5 ] = 5 δ
[a1
b R
|a|a2...a5], [Kab, Ra1...a5 ] = − 5 δ
a
[a1
R|b|a2...a5],
[Kab, R
a1...a8 ] = 8 δ
[a1
b R
|a|a2...a8], [Kab, Ra1...a8 ] = − 8 δ
a
[a1
R|b|a2...a8], (A.1.1)
[Kab, R
a1...a7, c] = 7 δ
[a1
b R
|a|a2...a7], c + δcb R
a1...a7, a,
[Kab, Ra1...a7, c] = − 7 δ
a
[a1
R|b|a2...a7], c − δ
a
c Ra1...a7, b.
The positive level commutators are given by
[Ra1a2a3 , Ra4a5a6 ] = 2Ra1...a6 ,
[
Ra1a2a3 , Rb1...b6
]
= 6Ra1a2a3[b1...b5, b6],
while the negative level commutators are given by
[Ra1a2a3 , Ra4a5a6 ] = 2Ra1...a6 , [Ra1a2a3 , Rb1...b6 ] = 6Ra1a2a3[b1...b5, b6]. (A.1.2)
The commutators between the positive and negative level generators are given by
[Ra1a2a3 , Rb1b2b3 ] = 18 δ
[a1a2
[b1b2
Ka3]b3] − 2 δ
a1a2a3
b1b2b3
Kaa,
[Ra1a2a3 , Rb1...b6] = 60 δ
a1a2a3
[b1b2b3
Rb4b5b6],
[Ra1a2a3 , Rb1...b8, b] = 112 δ
a1a2a3
[b1b2b3
Rb4...b8]b − 112 δ
a1a2a3
[b1b2|b|
Rb3...b8],[
Ra1a2a3 , R
b1...b6
]
= 60 δ[b1b2b3a1a2a3 R
b4b5b6],
[
Ra1a2a3 , R
b1...b8, b
]
= 112 δ[b1b2b3a1a2a3 R
b4...b8]b − 112 δ[b1b2|b|a1a2a3 R
b3...b8],
[Ra1...a6 , Rb1...b6 ] = − 1080 δ
[a1...a5
[b1...b5
Ka6]b6] + 120 δ
a1...a6
b1...b6
Kaa,
[
Ra1...a6 , R
b1...b8, b
]
= − 3360 δ[b1...b6a1...a6 R
b7b8]b − 3360 δ[b1...b5|b|a1...a6 R
b6b7b8],
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[Ra1...a6 , Rb1...b8, b] = − 3360 δ
a1...a6
[b1...b6
Rb7b8]b − 3360 δ
a1...a6
[b1...b5|b|
Rb6b7b8], (A.1.3)
The commutators of the GL(11) generators with those of the l1 representation are given
by [6]
[Kab, Pc] = − δ
a
c Pb +
1
2
δab Pc, [K
a
b, Z
a1a2 ] = 2 δ
[a1
b Z
|a|a2] +
1
2
δab Z
a1a2 ,
[Kab, Z
a1...a5 ] = 5 δ
[a1
b Z
|a|a2...a5] +
1
2
δab Z
a1...a5 ,
[Kab, Z
a1...a8 ] = 8 δ
[a1
b Z
|a|a2...a8] +
1
2
δab Z
a1...a8 ,
[Kab, Z
a1...a7, c] = 7 δ
[a1
b Z
|a|a2...a7],c + δcb Z
a1...a7,a +
1
2
δab Z
a1...a7, c, (A.1.4)
The commutators of the positive root generators of E11 with l1 generators are given by
[Ra1a2a3 , Pa] = 3 δ
[a1
a Z
a2a3], [Ra1a2a3 , Za4a5 ] = Za1...a5 ,
[Ra1a2a3 , Zb1...b5 ] = Zb1...b5a1a2a3 + Zb1...b5[a1a2, a3]
[Ra1...a6 , Pa] = − 3 δ
[a1
a Z
a2...a6], [Ra1...a6 , Zb1b2 ] = −Zb1b2a1...a6 − Zb1b2[a1...a5, a6],
[Ra1...a8, a, Pb] = −
4
3
δab Z
a1...a8 +
4
3
δ
[a1
b Z
a2...a8]a +
4
3
δ
[a1
b Z
a2...a8], a. (A.1.5)
While the commutators of the l1 generators with the level minus one E11 generators are
given by
[Ra1a2a3 , Pa] = 0, [Ra1a2a3 , Z
b1b2 ] = 6 δb1b2[a1a2 Pa3],
[Ra1a2a3 , Z
b1...b5 ] = 60 δ[b1b2b3a1a2a3 Z
b4b5], [Ra1a2a3 , Z
b1...b8 ] = − 42 δ[b1b2b3a1a2a3 Z
b4...b8],
[Ra1a2a3 , Z
b1...b7, b] =
945
4
δ[b1b2b3a1a2a3 Z
b4...b7]b +
945
4
δ[b1b2|b|a1a2a3 Z
b3...b7 . (A.1.6)
A.2 D = 10 algebra
In this appendix we give the commutators of E11 ⊗s l1 algebra, decomposed into
representations of GL (10)⊗ SL (2, R). Parts of this algebra for the form generators were
given in references [12] and [27]. The l1 multiplet and their commutators with the E11
generators are given for the first time in this paper as are many of the commutators of
the E11 algebra that involve the negative level generators. The commutators of the E11
generators with the SL(10) generators Kab are
[Kab, K
c
d] = δ
c
b K
a
d − δ
a
d K
c
b, [K
a
b, Rαβ] = 0,
[Kab, R
a1a2
α ] = 2 δ
[a1
b R
|a|a2]
α ,
[
Kab, R
α
a1a2
]
= − 2 δ a[a1 R
α
|b|a2]
,
[Kab, R
a1...a4 ] = 4 δ
[a1
b R
|a|a2a3a4], [Kab, Ra1...a4 ] = − 4 δ
a
[a1
R|b|a2a3a4],
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[Kab, R
a1...a6
α ] = 6 δ
[a1
b R
|a|a2...a6]
α ,
[
Kab, R
α
a1...a6
]
= − 6 δ a[a1 R
α
|b|a2...a6]
,
[
Kab, R
a1...a8
αβ
]
= 8 δ
[a1
b R
|a|a2...a8]
αβ ,
[
Kab, R
αβ
a1...a8
]
= − 8 δ a[a1 R
αβ
|b|a2...a8]
,
[Kab, R
a1...a7, c] = 7 δ
[a1
b R
|a|a2...a7], c + δcb R
a1...a7, a,
[Kab, Ra1...a7, c] = − 7 δ
a
[a1
R|b|a2...a7], c − δ
a
c Ra1...a7, b. (A.2.1)
The commutators of the E11 generators with the SL (2, R) generators Rαβ are
[Rαβ , Rγδ] = δ
σ
(α εβ)γ Rσδ + δ
σ
(α εβ)δ Rγσ,
[
Rαβ, R
a1a2
γ
]
= δ δ(α εβ)γ R
a1a2
δ ,
[
Rαβ, R
γ
a1a2
]
= − δ γ(α εβ)δ R
δ
a1a2
,
[Rαβ, R
a1...a4 ] = 0, [Rαβ, Ra1...a4 ] = 0,[
Rαβ, R
a1...a6
γ
]
= δ δ(α εβ)γ R
a1...a6
δ ,
[
Rαβ, R
γ
a1...a6
]
= − δ γ(α εβ)δ R
δ
a1...a6
,
[
Rαβ, R
a1...a8
γδ
]
= δ σ(α εβ)γ R
a1...a8
σδ + δ
σ
(α εβ)δ R
a1...a8
γσ ,
[
Rαβ, R
γδ
a1...a8
]
= − δ γ(α εβ)σ R
σδ
a1...a8
− δ δ(α εβ)σ R
γσ
a1...a8
,
[
Rαβ, R
a1...a7, b
]
= 0, [Rαβ, Ra1...a7, b] = 0. (A.2.2)
The commutators of the positive level E11 generators are given by
[
Ra1a2α , R
a3a4
β
]
= − εαβ R
a1...a4 ,
[
Rαa1a2 , R
β
a3a4
]
= − εαβ Ra1...a4 ,
[Ra1a2α , R
a3...a6 ] = 4Ra1...a6α ,
[
Rαa1a2 , Ra3...a6
]
= 4Rαa1...a6 ,[
Ra1a2α , R
a3...a8
β
]
= −Ra1...a8αβ − εαβ R
a1a2[a3...a7, a8],
[
Rαa1a2 , R
β
a3...a8
]
= −Rαβa1...a8 − ε
αβ Ra1a2[a3...a7, a8], (A.2.3)
while
[Ra1...a4 , Ra5...a8 ] =
8
3
Ra1...a4[a5a6a7, a8], [Ra1...a4 , Ra5...a8 ] =
8
3
Ra1...a4[a5a6a7, a8].
(A.2.4)
To find the commutators between positive and negative level generators we need to utilize
Jacobi identities. These commutators up to level 3 are given by
[
Ra1a2α , R
β
b1b2
]
= 4 δβα δ
[a1
[b1
Ka2]b2] −
1
2
δβα δ
a1a2
b1b2
Kdd − 2 δ
a1a2
b1b2
εβγ Rαγ ,
[Ra1a2α , Rb1...b4 ] = − 12 εαβ δ
a1a2
[b1b2
R
β
b3b4]
,
[
Rαa1a2 , R
b1...b4
]
= − 12 εαβ δ[b1b2a1a2 R
b3b4]
β ,
[Ra1...a4 , Rb1...b4 ] = 12 δ
a1...a4
b1...b4
Kdd − 96 δ
[a1a2a3
[b1b2b3
Ka4]b4],
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[
Ra1a2α , R
β
b1...b6
]
=
15
2
δβα δ
a1a2
[b1b2
Rb3...b6],
[
Rαa1a2 , R
b1...b6
β
]
=
15
2
δαβ δ
[b1b2
a1a2
Rb3...b6],
[
Ra1...a4 , Rαb1...b6
]
= 90 δ a1...a4[b1...b4 R
α
b5b6]
,
[
Ra1...a4 , R
b1...b4
α
]
= 90 δ[b1...b4a1...a4 R
b5b6]
α ,[
Ra1...a6α , R
β
b1...b6
]
= 270 δβα δ
[a1...a5
[b1...b5
Ka6]b6] −
135
4
δβα δ
a1...a6
b1...b6
Kdd − 45 δ
a1...a6
b1...b6
εβγ Rαγ .
(A.2.5)
The commutators of level ∓4 generators with level ±1 ones are
[
Ra1a2α , R
βγ
b1...b8
]
= − 56 δ(βα δ
a1a2
[b1b2
R
γ)
b3...b8]
,
[
Rαa1a2 , R
b1...b8
βγ
]
= − 56 δ α(β δ
[b1b2
a1a2
R
b3...b8]
γ) ,
[Ra1a2α , Rb1...b7, b] = − 252 εαβ δ
a1a2
[b1b2
R
β
b3...b7]b
+ 252 εαβ δ
a1a2
[b1b2
R
β
b3...b7b]
,
[
Rαa1a2 , R
b1...b7, b
]
= − 252 εαβ δ[b1b2a1a2 R
b3...b7]b
β + 252 ε
αβ δ[b1b2a1a2 R
b3...b7b]
β , (A.2.6)
with levels ±2: [
Ra1...a4 , R
αβ
b1...b8
]
= 0,
[
Ra1...a4 , R
b1...b8
αβ
]
= 0,
[Ra1...a4 , Rb1...b7, b] = − 1260 δ
a1...a4
[b1...b4
Rb5b6b7]b + 1260 δ
a1...a4
[b1...b4
Rb5b6b7b],[
Ra1...a4 , R
b1...b7, b
]
= − 1260 δ[b1...b4a1...a4 R
b5b6b7]b + 1260 δ[b1...b4a1...a4 R
b5b6b7b], (A.2.7)
with levels ±3:
[
Ra1...a6α , R
βγ
b1...b8
]
= 1260 δ(βα δ
a1...a6
[b1...b6
R
γ)
b7b8]
,
[
Rαa1...a6 , R
b1...b8
βγ
]
= 1260 δ α(β δ
[b1...b6
a1...a6
R
b7b8]
γ) ,
[Ra1...a6α , Rb1...b7, b] = 1890 εαβ δ
a1...a6
[b1...b6
R
β
b7]b
− 1890 εαβ δ
a1...a6
[b1...b6
R
β
b7b]
,
[
Rαa1...a6 , R
b1...b7, b
]
= 1890 εαβ δ[b1...b6a1...a6 R
b7]b
β − 1890 ε
αβ δ[b1...b6a1...a6 R
b7b]
β , (A.2.8)
and, finally, the commutators of level ±4 generators between themselves are
[
Ra1...a8α1α2 , R
β1β2
b1...b8
]
= − 20160 δ(β1β2)α1α2 δ
[a1...a7
[b1...b7
Ka8]b8]
+2520 δ(β1β2)α1α2 δ
a1...a8
b1...b8
Kdd + 5040 δ
a1...a8
b1...b8
δ
(β1
(α1
εβ2)γ Rα2)γ ,[
Ra1...a8αβ , Rb1...b7, b
]
= 0,
[
Rαβa1...a8 , R
b1...b7, b
]
= 0,
[Ra1...a7, a, Rb1...b7, b] = − 11340 δ
a1...a7
b1...b7
Kab + 11340 δ
a1...a7
[b1...b7
Kab] + 11340 δ
[a1...a7
b1...b7
Ka]b
− 79380 δab δ
[a1...a6
[b1...b6
Ka7]b7] + 79380 δ
a[a1...a6
[bb1...b6
Ka7]b7] + 79380 δ
[aa1...a6
b[b1...b6
Ka7]b7]−
− 90720 δ
[a1...a7
[b1...b7
Ka]b] + 11340 δ
a1...a7
b1...b7
δab K
d
d − 11340 δ
a1...a7a
b1...b7b
Kdd. (A.2.9)
The action of the Cartan involution on the adjoint generators is given by
Ic (K
a
b) = −K
b
a, Ic (Rαβ) = εαγ εβδ Rγδ, Ic (R
a1a2
α ) = −R
α
a1a2
, Ic (R
a1...a4) = Ra1...a4 ,
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Ic (R
a1...a6
α ) = −R
α
a1...a6
, Ic
(
Ra1...a8α1α2
)
= Rα1α2a1...a8 , Ic
(
Ra1...a7, b
)
= Ra1...a7, b. (A.2.10)
One can verify that the above commutators are preserve by this involution.
We now consider the commutators of the E11 generators with those of the l1 repre-
sentation. The members of the l1 representation are most easily found using the Nutma
programme Simplie [30]. The commutators of the l1 representation generators with the
level 0 E11 generators, that is the SL(11) generators, are given by
[Kab, Pc] = − δ
a
c Pb +
1
2
δab Pc, [K
a
b, Z
c
α] = δ
c
b Z
a
α +
1
2
δab Z
c
α,
[Kab, Z
a1a2a3 ] = 3 δ
[a1
b Z
|a|a2a3] +
1
2
δab Z
a1a2a3 , [Kab, Z
a1...a5
α ]
= 5 δ
[a1
b Z
|a|a2...a5]
α +
1
2
δab Z
a1...a5
α ,
[
Kab, Z
a1...a7
αβ
]
= 7 δ
[a1
b Z
|a|a2...a7]
αβ +
1
2
δab Z
a1...a7
αβ ,
[Kab, Z
a1...a7 ] = 7 δ
[a1
b Z
|a|a2...a7] +
1
2
δab Z
a1...a7 ,
[Kab, Z
a1...a6, c] = 6 δ
[a1
b Z
|a|a2...a6], c + δcb Z
a1...a6, a +
1
2
δab Z
a1...a6, c. (A.2.11)
The commutators with the SL (2) generators Rαβ are
[Rαβ, Pa] = 0,
[
Rαβ, Z
a
γ
]
= δ δ(α εβ)γ Z
a
δ ,
[Rαβ, Z
a1a2a3 ] = 0,
[
Rαβ, Z
a1...a5
γ
]
= δ δ(α εβ)γ Z
a1...a5
δ ,[
Rαβ, Z
a1...a7
γδ
]
= δ σ(α εβ)γ Z
a1...a7
σδ + δ
σ
(α εβ)δ Z
a1...a7
γσ ,
[Rαβ, Z
a1...a7 ] = 0,
[
Rαβ, Z
a1...a6, b
]
= 0. (A.2.12)
The commutators with level one E11 generators can be taken as
[Ra1a2α , Pa] = δ
[a1
a Z
a2]
α ,
[
Ra1a2α , Z
a3
β
]
= − εαβ Z
a1a2a3 , [Ra1a2α , Z
a3a4a5 ] = Za1...a5α ,
[
Ra1a2α , Z
a3...a7
β
]
= Za1...a7αβ − εαβ Z
a1...a7 − εαβ Z
a1a2[a3...a6, a7]. (A.2.13)
The commutators with other positive-level generators can be found using the Jacobi iden-
tities to be given by
[Ra1...a4 , Pa] = 2 δ
[a1
a Z
a2a3a4], [Ra1...a4 , Za5α ] = −Z
a1...a5
α ,
[Ra1...a4 , Za5a6a7 ] = 2Za1...a7 +
3
5
Za1...a4[a5a6, a7], [Ra1...a6α , Pa] =
3
4
δ[a1a Z
a2...a6]
α ,
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[
Ra1...a6α , Z
a7
β
]
= −
1
4
Za1...a7αβ +
3
4
εαβZ
a1...a7 +
1
20
εαβZ
a1...a6, a7 ,
[
Ra1...a8αβ , Pa
]
= −δ[a1a Z
a2...a8]
αβ ,
[
Ra1...a7, b, Pa
]
= −3δbaZ
a1...a7 + 3δ[ba Z
a1...a7] +
21
20
δ[a1a Z
a2...a7],b. (A.2.14)
The commutators with level −1 E11 generators are given by
[
Rαa1a2 , Pa
]
= 0,
[
Rαa1a2 , Z
b
β
]
= − 4 δαβ δ
b
[a1
Pa2],
[
Rαa1a2 , Z
b1b2b3
]
= − 6 εαβ δ[b1b2a1a2 Z
b3]
β ,
[
Rαa1a2 , Z
b1...b5
β
]
= 20 δαβ δ
[b1b2
a1a2
Zb3b4b5],
[
Rαa1a2 , Z
b1...b7
α1α2
]
= 42 δ α(α1 δ
[b1b2
a1a2
Z
b3...b7]
α2)
, (A.2.15)
[
Rαa1a2 , Z
b1...b7
]
= − 3 εαβ δ[b1b2a1a2 Z
b3...b7]
β ,[
Rαa1a2 , Z
b1...b6, b
]
= − 150 εαβ δ[b1b2a1a2 Z
b3...b6]b
β + 150 ε
αβ δ[b1b2a1a2 Z
b3...b6b]
β ,
while the commutators with level −2 generators are
[Ra1...a4 , Pa] = 0,
[
Ra1...a4 , Z
b
β
]
= 0,
[
Ra1...a4 , Z
b1b2b3
]
= 48 δ[b1b2b3a1a2a3 Pb4],
[
Ra1...a4 , Z
b1...b5
α
]
= 120 δ[b1...b4a1...a4 Z
b5]
α ,
[
Ra1...a4 , Z
b1...b7
α1α2
]
= 0,
[
Ra1...a4 , Z
b1...b7
]
= − 120 δ[b1...b4a1...a4 Z
b5b6b7],
[
Ra1...a4 , Z
b1...b6, b
]
= − 1800 δ[b1...b4a1...a4 Z
b5b6]b + 1800 δ[b1...b4a1...a4 Z
b5b6b], (A.2.16)
with level −3 generators
[
Rαa1...a6 , Pa
]
= 0,
[
Rαa1...a6 , Z
b
β
]
= 0,
[
Rαa1...a6 , Z
b1b2b3
]
= 0,
[
Rαa1...a6 , Z
b1...b5
β
]
= − 360 δαβ δ
b1...b5
[a1...a5
Pa6],
[
Rαa1...a6 , Z
b1...b7
α1α2
]
= − 1260 δ α(α1 δ
[b1...b6
a1...a6
Z
b7]
α2)
,
[
Rαa1...a6 , Z
b1...b7
]
= 270 εαβ δ[b1...b6a1...a6 Z
b7]
β ,[
Rαa1...a6 , Z
b1...b6, b
]
= 900 εαβ δb1...b6a1...a6 Z
b
β − 900 ε
αβ δ[b1...b6a1...a6 Z
b]
β , (A.2.17)
and, finally, with level −4 generators
[
Rα1α2a1...a8 , Pa
]
= 0,
[
Rα1α2a1...a8 , Z
b
β
]
= 0,
[
Rα1α2a1...a8 , Z
b1b2b3
]
= 0,
[
Rα1α2a1...a8 , Z
b1...b5
β
]
= 0,
[
Rα1α2a1...a8 , Z
b1...b7
β1β2
]
= − 20160 δ
(α1α2)
β1β2
δ b1...b7[a1...a7 Pa8],
[
Rα1α2a1...a8 , Z
b1...b7
]
= 0,
[
Rα1α2a1...a8 , Z
b1...b6, b
]
= 0, [Ra1...a7, a, Pa] = 0,
[
Ra1...a7, a, Z
b
β
]
= 0,
[
Ra1...a7, a, Z
b1b2b3
]
= 0,
[
Ra1...a7, a, Z
b1...b5
β
]
= 0,
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[
Ra1...a7, a, Z
b1...b7
α1α2
]
= 0,
[
Ra1...a7, a, Z
b1...b7
]
= 4320 δb1..b7a1...a7 Pa − 4320 δ
b1..b7
[a1...a7
Pa],[
Ra1...a7, a, Z
b1...b6, b
]
= − 75600 δba δ
b1...b6
[a1...a6
Pa7] + 75600 δ
bb1...b6
a[a1...a6
Pa7]. (A.2.18)
A.3 D = 5 algebra
The E11 algebra for the generators decomposed into representations of GL(5)⊗E6 is
given below. This algebra for SL (5) and the form generators, up to level four, can be found
in references [15,28] and [10], which also include some useful identities. Here we compute
the full E11 algebra up to level four and its commutators with the l1 representation up to
level 3. These include, in particular, the generators associated with the dual graviton and
were given in equation (3.3.1) and (3.3.2). By construction the generators of E11 are in
representations of SL(5) and this determined their commutators with Kab to be given by
[Kab, K
c
d] = δ
c
b K
a
d − δ
a
d K
c
b, [K
a
b, R
α] = 0,
[
Kab, R
cN
]
= δcb R
aN , [Kab, RcN ] = − δ
a
c RbN ,
[Kab, R
a1a2
N ] = 2 δ
[a1
b R
|a|a2]
N ,
[
Kab, Ra1a2
N
]
= − 2 δ a[a1 R|b|a2]
N ,
[Kab, R
a1a2a3, α] = 3 δ
[a1
b R
|a|a2a3], α, [Kab, Ra1a2a3
α] = − 3 δ a[a1 R|b|a2a3]
α, (A.3.1)
[Kab, R
a1a2, c] = 2 δ
[a1
b R
|a|a2], c+δcb R
a1a2, a, [Kab, Ra1a2, c] = − 2 δ
a
[a1
R|b|a2], c−δ
a
c Ra1a2, b.
[Kab, R
a1...a4
N1N2 ] = 4δ
[a1
b R
|a|a2a3a4]
N1N2 ,
[
KabRa1...a4
N1N2
]
= − 4 δ a[a1 R|b|a2a3a4]
N1N2 ,
[
Kab, R
a1a2a3, cN
]
= 3 δ
[a1
b R
|a|a2a3], cN + δcb R
a1a2a3, aN ,
[Kab, Ra1a2a3, cN ] = − 3 δ
a
[a1
R|b|a2a3], cN − δ
a
c Ra1a2a3, bN .
The commutation relation of any generator with Rα is determined by the representation
of E6 that this generator belongs to:
[
Rα, Rβ
]
= fαβγ R
γ ,
[
Rα, RaM
]
= (Dα)N
MRaN , [Rα, RaM ] = − (D
α)M
NRaN ,
[Rα, Ra1a2M ] = − (D
α)M
NRa1a2N ,
[
Rα, Ra1a2
N
]
= (Dα)M
NRa1a2
M ,[
Rα, Ra1a2a3, β
]
= fαβγ R
a1a2a3, γ ,
[
Rα, Ra1a2a3
β
]
= fαβγ Ra1a2a3
γ ,[
Rα, Ra1a2, b
]
= 0, [Rα, Ra1a2, b] = 0,[
Rα, RabcdMN
]
= − (Dα)M
PRabcdPN − (D
α)N
PRabcdMP ,[
Rα, Rabcd
MN
]
= (Dα)P
MRabcdPN + (Dα)P
NRabcd
MP ,[
Rα, Ra1a2a3, bM
]
= (Dα)N
MRa1a2a3, bN , [Rα, Ra1a2a3, bM ] = − (D
α)M
NRa1a2a3, bN .
(A.3.2)
where fαβγ are the structure constants of E6, normalised by fαβγ f
αβδ = − 4 δδγ, (D
α)N
M
are the generators of E6 in 27 representation. We lower and raise indices with the Killing
metric gαβ.
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The commutation relations of the positive level E11 generators are given by
[
RaM , RbN
]
= dMNP RabP ,
[
RaN , RbcM
]
= (Dα)M
NRabc, α + δNM R
bc,a,
[
RabM , R
cd
N
]
= RabcdMN − 20 dMNP R
ab[c, d]P ,
[
RaN , Rbc, d
]
= Rabc, dN −
1
3
Rbcd, aN ,
[
RaN , Rbcd, α
]
= 3 dNMP (Dα)P
RRabcdMR + 6 (D
α)M
NRbcd, aM . (A.3.3)
where dMNP is the completely symmetric invariant tensor of E6, normalised by
dNPR d
MPR = δMN .
The commutators of negative-level E11 generators are given by
[RaN , RbM ] = dNMP Rab
P , [RaN , Rbc
M ] = (Dα)N
M Rabc
α + δMN Rbc,a.
[
Rab
M , Rcd
N
]
= Rabcd
MN − 20 dMNP Rab[c, d]P , [RaN , Rbc, d] = Rabc, dN −
1
3
Rbcd, aN ,
[RaN , Rbcd, α] = 3 dNMP (Dα)R
PRabcd
MR + 6 (Dα)N
MRbcd, aM . (A.3.4)
The commutators between the positive and negative level generators of E11 up to level
4 are given by
[
RaN , RbM
]
= 6 δba (Dα)M
NRα + δNM K
a
b −
1
3
δNM δ
a
b K
c
c,
[
RaN , R
bc
M
]
= 20 dNMP δ
[b
a R
c]P ,
[
RaN , Rbc
M
]
= 20 dNMP δ a[b Rc]P ,
[RaN , R
a1a2a3, α] = 18 (Dα)N
Mδ[a1a R
a2a3]
M ,
[
RaN , Ra1a2a3
α
]
= 18 (Dα)M
Nδ a[a1Ra2a3]
M ,
[
RaN , R
a1a2, b
]
= δbaR
a1a2
N − δ
[b
a R
a1a2]
N ,
[
RaN , Ra1a2, b
]
= δab Ra1a2
N − δ a[b Ra1a2]
N ,
[RaN , R
a1...a4
N1N2 ] = 40 dN [N1|M| (Dα)N2]
Mδ[a1a R
a2a3a4], α,
[
RaN , Ra1...a4
N1N2
]
= 40 dN [N1|M| (Dα)M
N2] δ a[a1 Ra2a3a4
α,
[
RaN , R
a1a2a3, bM
]
= (Dα)N
MδbaR
a1a2a3, α − (Dα)N
Mδ[ba R
a1a2a3], α + 3 δMN δ
[a1
a R
a2a3], b,
[
RaN , Ra1a2a3, bM
]
= (Dα)M
Nδab Ra1a2a3
α − (Dα)M
Nδ a[b Ra1a2a3]
α + 3 δNM δ
a
[a1
Ra2a3], b.
(A.3.5)
The Cartan involution acts on the generators of E11 as follows
Ic (K
a
b) = −K
b
a, Ic (R
α) = −R−α, Ic
(
RaN
)
= − JMN RaM ,
Ic
(
RabM
)
= J−1MN Rab
N , Ic
(
Rabc, α
)
= −Rabc,−α, Ic (R
a1a2, c) = −Ra1a2, c,
Ic
(
RabcdMN
)
= J−1MP J
−1
NQRabcd
PQ, Ic
(
Rabc, dN
)
= JNM Rabc, dM . (A.3.6)
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We now give the commutators between the generators of E11 and those of the l1 represen-
tation given in (3.3.3) up to level 3. The commutation relations between the later and the
generators of GL(5) are given by
[Kab, Pc] = − δ
a
c Pb +
1
2
δab Pc,
[
Kab, Z
N
]
=
1
2
δab Z
N , [Kab, Z
c
N ] = δ
c
b Z
a
N +
1
2
δab Z
c
N ,
[Kab, Z
a1a2, α] = 2 δ
[a1
b Z
|a|a2], α +
1
2
δab Z
a1a2, α,
[
Kab, Z
cd
]
= δcb Z
ad + δdb Z
ca +
1
2
δab Z
cd.
(A.3.7)
while with the generators of E6 we have
[Rα, Pa] = 0,
[
Rα, ZM
]
= (Dα)N
MZN , [Rα, ZaN ] = − (D
α)N
MZaM ,
[
Rα, Za1a2, β
]
= fαβγ Z
a1a2, γ ,
[
Rα, Zab
]
= 0. (A.3.8)
The elements of the l1 representation at a given level can be introduced into the
algebra by taking the commutators of suitable E11 generators of the same level with Pa,
namely [
RaN , Pb
]
= δab Z
N , [Ra1a2N , Pa] = 2 δ
[a1
a Z
a2]
N ,
[Ra1a2a3, α, Pa] = 3 δ
[a1
a Z
a2a3], α,
[
Ra1a2, b, Pa
]
= − 2 δba Z
[a1a2] − 2 δ[a1a Z
|b|a2],
The commutators of the remaining positive level generators of E11 with the l1 generators
is determined by the Jacobi identities and they are found to be given by
[
RaM , ZN
]
= − dMNP ZaP ,
[
RaN , ZbM
]
= − (Dα)M
NZab, α − δNM Z
ab,
[
Ra1a2N , Z
M
]
= − (Dα)N
MZa1a2, α + 2 δNM Z
[a1a2]. (A.3.9)
Commutators between the level −1 generators of E11 and those of the l1 representation
are also determined by the Jacobi identities to be given by
[RaN , Pb] = 0,
[
RaN , Z
M
]
= δMN Pa,
[
RaN , Z
b
M
]
= − 10 dNMP δ
b
a Z
P ,
[RaN , Pb] = 0,
[
RaN , Z
M
]
= δMN Pa,
[
RaN , Z
b
M
]
= − 10 dNMP δ
b
a Z
P ,
[RaN , Z
a1a2, α] = − 12 (Dα)N
Mδ[a1a Z
a2]
M ,
[
RaN , Z
bc
]
= −
2
3
δba Z
c
N −
1
3
δca Z
b
N .
(A.3.10)
A.4 D = 4 algebra
In this appendix we give the E11 ⊗s l1 algebra decomposed into representations of
GL (4) × SL (8) that corresponds to four-dimensional theory [19]. This latter reference
contains a few typographical errors in the commutators which are corrected here. We will
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first give the commutation relations of level 0 generators with the rest of E11 algebra. The
commutation relations of any generator with Kab are
[Kab, K
c
d] = δ
c
b K
a
d − δ
a
d K
c
b,
[
Kab, R
I
J
]
= 0,
[
Kab, R
I1...I4
]
= 0,
[
Kab, R
cI1I2
]
= δcb R
aI1I2 , [Kab, R
c
I1I2 ] = δ
c
b R
a
I1I2 ,[
Kab, R˜cI1I2
]
= − δac R˜bI1I2 ,
[
Kab, R˜c
I1I2
]
= − δac R˜b
I1I2 ,
[
Kab, Kˆ
cd
]
= 2 δ
(c
b Kˆ
|a|d),
[
Kab,
ˆ˜
Kcd
]
= − 2 δ a(c
ˆ˜
K|b|d),
[
Kab, R
a1a2I
J
]
= 2 δ
[a1
b R
|a|a2]I
J ,
[
Kab, R˜a1a2
I
J
]
= − 2 δ a[a1 R˜|b|a2]
I
J ,
[
Kab, R
a1a2I1...I4
]
= 2 δ
[a1
b R
|a|a2]I1...I4 ,
[
Kab, R˜a1a2I1...I4
]
= − 2 δ a[a1 R˜|b|a2]I1...I4 .
(A.4.1)
The commutators with SL (8) generator RIJ are given by
[
RIJ , R
K
L
]
= δKJ R
I
L − δ
I
LR
K
J ,
[
RIJ , R
I1...I4
]
= 4 δ
[I1
J R
|I|I2I3I4] −
1
2
δIJ R
I1...I4 ,
[
RIJ , R
aI1I2
]
= 2 δ
[I1
J R
a|I|I2]−
1
4
δIJ R
aI1I2 ,
[
RIJ , R
a
I1I2
]
= − 2 δ I[I1 R
a
|J|I2]+
1
4
δIJ R
a
I1I2 ,
[
RIJ , R˜aI1I2
]
= − 2 δ I[I1 R˜a|J|I2]+
1
4
δIJ R˜aI1I2 ,
[
RIJ , R˜a
I1I2
]
= 2 δ
[I1
J R˜a
|I|I2]−
1
4
δIJ R˜a
I1I2 ,
[
RIJ , Kˆ
(ab)
]
= 0,
[
RIJ ,
ˆ˜
K(ab)
]
= 0,
[
RIJ , R
a1a2K
L
]
= δKJ R
a1a2I
L − δ
I
LR
a1a2K
J ,[
RIJ , R˜a1a2
K
L
]
= δKJ R˜a1a2K
I
L − δ
I
L R˜a1a2
K
J ,
[
RIJ , R
a1a2I1...I4
]
= 4 δ
[I1
J R
a1a2|I|I2I3I4] −
1
2
δIJ R
a1a2I1...I4 ,
[
RIJ , R˜a1a2I1...I4
]
= − 4 δ I[I1 R˜a1a2|J|I2I3I4] +
1
2
δIJ R˜a1a2I1...I4 , (A.4.2)
The commutators with the other E7 generators R
I1...I4 generators are given by
[
RI1...I4 , RJ1...J4
]
= −
1
36
εI1...I4[J1J2J3|L|RJ4]L,
[
RI1...I4 , RaJ1J2
]
=
1
24
εI1...I4J1...J4 RaJ3J4 ,
[
RI1...I4 , RaJ1J2
]
= δ
[I1I2
J1J2
RaI3I4],
[
RI1...I4 , R˜aJ1J2
]
= δ
[I1I2
J1J2
R˜a
I3I4],
[
RI1...I4 , R˜a
J1J2
]
=
1
24
εI1...I4J1...J4R˜aJ3J4 ,
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[
RI1...I4 , Ra1a2IJ
]
= − 4 δ
[I1
J R
a1a2|I|I2I3I4] +
1
2
δIJ R
a1a2I1...I4 ,
[
RI1...I4 , R˜a1a2
I
J
]
= −
1
6
εI1...I4J1J2J3IR˜a1a2J1J2J3J +
1
48
δIJ ε
I1...I4J1...J4R˜a1a2J1...J4 ,
[
RI1...I4 , Kˆ(ab)
]
= 0,
[
RI1...I4 , Kˆ(ab)
]
= 0,
[
RI1...I4 , Ra1a2J1...J4
]
=
1
36
εI1...I4[J1J2J3|L|Ra1a2J4]L,
[
RI1...I4 , R˜a1a2J1...J4
]
= −
2
3
δ
[I1I2I3
[J1J2J3
R˜a1a2
I4]
J4]. (A.4.3)
The commutators of the positive level one E11 generators with each other are given
by
[
RaI1I2 , RbI3I4
]
= − 12RabI1...I4 , [RaI1I2 , R
b
I3I4 ] =
1
2
εI1...I4J1...J4 R
abJ1...J4 ,
[
RaI1I2 , RbJ1J2
]
= 4 δ
[I1
[J1
RabI2]J2] + 2 δ
I1I2
J1J2
Kˆ(ab). (A.4.4)
The equivalent commutators for the negative level E11 generators are
[
R˜aI1I2 , R˜bI3I4
]
= − 12 R˜abI1...I4 , [R˜a
I1I2 , R˜b
I3I4 ] =
1
2
εI1...I4J1...J4 R˜a1a2J1...J4 ,
[
R˜aI1I2 , R˜b
J1J2
]
= 4 δ
[J1
[I1
R˜ab
J2]
I2] + 2 δ
J1J2
I1I2
Kˆ(ab). (A.4.5)
The commutators between the level 1 and −1 E11 generators are given by
[
RaI1I2 , R˜bJ1J2
]
= 2 δI1I2J1J2 K
a
b + 4 δ
a
b δ
[I1
[J1
KI2]J2] − δ
a
b δ
I1I2
J1J2
Kcc,
[
RaI1I2 , R˜b
J1J2
]
= − 2 δJ1J2I1I2 K
a
b + 4 δ
a
b δ
[J1
[I1
KJ2]I2] + δ
a
b δ
J1J2
I1I2
Kcc,
[
RaI1I2 , R˜b
I3I4
]
= − 12 δab R
I1...I4 ,
[
RaI1I2 , R˜bI3I4
]
=
1
2
δab εI1...I4J1...J4 R
J1...J4 . (A.4.6)
The commutators with the level 2 and level −1 E11 generators are given by
[
RabIJ , R˜cI1I2
]
= − 4 δ[ac δ
I
[I1
Rb]|J|I2] +
1
2
δ[ac δ
I
J R
b]
I1I2 ,
[
RabIJ , R˜c
I1I2
]
= 4 δ[ac δ
[I1
J R
b]|I|I2] −
1
2
δ[ac δ
I
J R
b]I1I2 ,
[
RabI1...I4 , R˜cJ1J2
]
= 2 δ[ac δ
[I1I2
J1J2
Rb]I3I4],
[
RabI1...I4 , R˜c
I5I6
]
=
1
12
εI1...I8 δ[ac R
b]
I7I8 ,
[
Kˆab, R˜cI1I2
]
= − δ(ac R
b)
I1I2 ,
[
Kˆab, R˜c
I1I2
]
= − δ(ac R
b)J1J2 . (A.4.7)
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Finally, the commutators of level − 2 with the level 1 E11 generators are
[
R˜ab
I
J , R
cI1I2
]
= − 4 δ c[aδ
[I1
J R˜b]
|I|I2] +
1
2
δc[a δ
I
J R˜b]
I1I2 ,
[
R˜ab
I
J , R
c
I1I2
]
= 4 δc[a δ
I
[I1
R˜b]|J|I2] −
1
2
δc[a δ
I
J R˜b]I1I2 ,
[
R˜ab
I1...I4 , RcJ1J2
]
= 2 δc[a δ
[I1I2
J1J2
R˜b]
I3I4],
[
R˜ab
I1...I4 , RcI5I6
]
=
1
12
εI1...I8 δc[a R˜b]I7I8 ,
[
ˆ˜
Kab, R
c
I1I2
]
= − δc(a R˜b)I1I2 ,
[
ˆ˜
Kab, R
cI1I2
]
= − δc(a R˜b)
I1I2 . (A.4.8)
The Cartan involution preserves the above commutators and is given by
Ic(K
a
b) = −K
b
a, Ic(R
I
J ) = −R
J
I , Ic(R
I1...I4) = − ⋆ RI1...I4 ≡ −
1
4!
ǫI1...I4J1...J4RJ1...J4 ,
Ic(R
aI1I2) = −R˜aI1I2 , Ic(R
a
I1I2) = R˜a
I1I2
Ic(R
a1a2I
J ) = −R˜a1a2
J
I , Ic(R
a1a2I1···I4) = R˜a1a2I1···I4 , Ic(Kˆ
ab) = −
˜ˆ
Kab
We now give the action of E11 on the l1 representation generators whose elements
were given in equation (3.4.3). The commutation relations of the l1 representation with
level 0 generators of E11 are given by
[Kab, Pc] = − δ
a
c Pb +
1
2
δab Pc,
[
Kab, Z
I1I2
]
=
1
2
δab Z
I1I2 , [Kab, ZI1I2 ] =
1
2
δab ZI1I2 ,
[Kab, Z
c] = δcb Z
a +
1
2
δab Z
c,
[
Kab, Z
cI
J
]
= δcb Z
aI
J +
1
2
δab Z
cI
J ,
[
Kab, Z
cI1...I4
]
= δcb Z
aI1...I4 +
1
2
δab Z
cI1...I4 ,
[
RIJ , Pc
]
= 0,
[
RIJ , Z
I1I2
]
= 2 δ
[I1
J Z
|I|I2] −
1
4
δIJ Z
I1I2 ,
[
RIJ , ZI1I2
]
= − 2 δ I[I1 Z|J|I2] +
1
4
δIJ ZI1I2 ,
[
RIJ , Z
a
]
= 0,
[
RIJ , Z
aK
L
]
= δKJ Z
aI
L − δ
I
L Z
aK
J ,
[
RIJ , Z
aI1...I4
]
= 4 δ
[I1
J Z
a|I|I2...I4] −
1
2
δIJ Z
aI1...I4 ,
[
RI1...I4 , Pa
]
= 0,
[
RI1...I4 , ZJ1J2
]
=
1
24
εI1...I4J1...J4 ZJ3J4 ,
[
RI1...I4 , ZJ1J2
]
= δ
[I1I2
J1J2
ZI3I4],
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[
RI1...I4 , Za
]
= 0,
[
RI1...I4 , ZaIJ
]
= −
4
3
δ
[I1
J Z
a|I|I2I3I4] +
1
6
δIJ Z
aI1...I4 ,
[
RI1...I4 , ZaJ1...J4
]
=
1
12
εJ1...J4[I1I2I3|K| ZaI4]K . (A.4.9)
The commutators with the E11 level 1 generators are given by
[
RaI1I2 , Pb
]
= δab Z
I1I2 ,
[
RaI1I2 , Pb
]
= δab ZI1I2 ,
[
RaI1I2 , ZJ1J2
]
= −ZaI1I2J1J2 ,
[
RaI1I2 , Z
J1J2
]
= δ
[J1
[I1
ZaJ2]I2] + δ
J1J2
I1I2
Za,
[
RaI1I2 , ZJ1J2
]
= δ
[I1
[J1
ZaI2]J2] − δ
I1I2
J1J2
Za,
[
RaI1I2 , ZJ1J2
]
=
1
24
εI1I2J1J2K1...K4 Z
aK1...K4 .
(A.4.10)
The commutators with the E11 level 2 generators are given by
[
Kˆ(a1a2), Pa
]
= δ(a1a Z
a2),
[
Ra1a2IJ , Pa
]
= −
1
2
δ[a1a Z
a2]I
J ,
[
Ra1a2I1...I4 , Pa
]
= −
1
6
δ[a1a Z
a2]I1...I4 . (A.4.11)
The commutators with the E11 level −1 generators are
[
R˜aI1I2 , Pb
]
= 0,
[
R˜aI1I2 , Z
J1J2
]
= 2 δI1I2J1J2 Pa,
[
R˜aI1I2 , ZJ1J2
]
= 0,
[
R˜I1I2a , Pb
]
= 0,
[
R˜I1I2a , Z
J1J2
]
= 0,
[
R˜I1I2a , ZJ1J2
]
= − 2 δJ1J2I1I2 Pa,[
R˜aI1I2 , Z
b
]
= − 2 δba ZI1I2 ,
[
R˜aI1I2 , Z
bI
J
]
= − 8 δba δ
I
[I1
ZI2]J ,[
R˜aI1I2 , Z
bJ1...J4
]
= − 12 δba δ
[J1J2
I1I2
ZJ3J4],
[
R˜I1I2a , Z
b
]
= − 2 δba Z
I1I2 ,
[
R˜I1I2a , Z
bI
J
]
= 8 δba δ
[I1
J Z
I2]I ,
[
R˜I1I2a , Z
bJ1...J4
]
= −
1
2
δba ε
J1...J2I1...I4 ZI3I4 . (A.4.12)
The last three commutators in equation (A.4.9), the last four in equation (A.4.10), all
in equation (A.4.11) and the last six in equation (A.4.12) are not contained in reference
[19] and are taken from a forthcoming publication with Nikolay Gromov.
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